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Preface

Algebraic topology is the study of geometric objects via algebraic methods. Familiarity
with its main ideas and methods is quite useful for all undergraduate and graduate
students who specialize in any of the many branches of mathematics and physics that
have connections to topology, differential geometry, algebra, mathematical analysis, or
differential equations. In selecting the content of this book and in writing it the author
aspired to reach the following goals:

• to cover those ideas and results that form the backbone of algebraic topology
and are sufficient to provide a beautiful, intuitively clear, and logically complete
exposition;

• to make the book self-contained, while keeping it reasonably short;

• to make the exposition logically coherent, well-illustrated, and mathematically
rigorous, at the same time preserving all the advantages of an informal and lively
presentation;

• to structure the text and supplement it with exercises and solutions in such a way
that the book becomes a ready-to-use tool for both teachers and students of the
subject, as well as a convenient instrument for independent study.

A special attention was devoted to providing explicit algorithms for calculating the
homology groups and for manipulating fundamental groups. These subjects are often
missing from other books on algebraic topology.

The present book is a revised and slightly extended version of the Russian original
publication.
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1

Elements of homology theory

1.1 Categories and functors

One of the main parts of algebraic topology is homology theory, which is a functor
from the category of topological spaces to the category of sequences of Abelian groups.
Therefore we begin by introducing the notions of a category and a functor.

In order to define a category, we proceed as follows:

1. We specify a certain class of objects. Objects may be of any nature.

2. For every ordered pair A, B of objects we specify a set of morphisms [A,B] of
object A to object B.

3. For every ordered triple A,B,C of objects we indicate a rule assigning to each
pair of morphisms f ∈ [A,B], g ∈ [B,C] a third morphism, which belongs
to [A,C], is called a composition of morphisms f, g, and is denoted by gf . In
other words, we define a composition map [A,B] × [B,C] → [A,C].

Definition. The class of objects, the sets of morphisms, and the composition maps thus
specified form a category if the following axioms hold:

I. Composition of morphisms must be associative, i.e. for all triples of morphisms
f ∈ [A,B], g ∈ [B,C], h ∈ [C,D] we must have an equality (hg)f = h(gf ).

II. For any object B there must be a morphism IdB ∈ [B,B] such that for any two
morphisms f ∈ [A,B], g ∈ [B,C] the following equalities hold: IdB f = f

and g IdB = g.

Such situations (classes of objects related by morphisms satisfying axioms I, II;
i.e. categories) arise naturally in many different areas of mathematics. Already at this
general level it is possible to give definitions and prove meaningful theorems, which, by
virtue of their generality, enjoy a remarkably wide applicability. We restrict ourselves
to a very brief introduction into category theory. A more detailed exposition can be
found, for instance, in [2].

Examples of categories

1. The category of all sets and their maps. The objects of this category are all sets,
the morphisms are all possible maps between them.
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2. The category of groups and homomorphisms. The objects are groups, and the
morphisms are their homomorphisms.

3. The category of Abelian groups and their homomorphisms. The objects of this
category are Abelian groups, the morphisms are homomorphisms between them.

It is easy to find other examples of a similar kind: the category of finitely generated
groups, the category of rings, and others.

4. The category of topological spaces and continuous maps. The objects are all
topological spaces, and the morphisms are their continuous maps.

In all of the above examples the objects are sets, perhaps with additional structures,
and the morphisms are maps of sets. However, there exist categories of other types.

5. The category of topological spaces and classes of homotopic maps. The objects
of this category are topological spaces, the morphisms are classes of homotopic
maps (see definition on page 15). Notice that in this category morphisms are not
maps themselves but rather classes of homotopic maps.

Although morphisms do not have to be actual maps, it is quite convenient to denote
them in the same way as maps: instead of f ∈ [A,B], we write f : A → B.

Definition. ObjectsX, Y of a category G are called isomorphic if there exist morphisms
f : X → Y and g : Y → X such that fg = IdY and gf = IdX, where IdX, IdY are the
identity morphisms of objectsX and Y . The morphisms f , g are called isomorphisms.

Example. Which sets are isomorphic in the category of all sets? It is easy to see that
those are exactly sets of equal cardinality, since an isomorphism in this category is
nothing other than a bijection.

Example. An isomorphism in the category of topological spaces is any homeomor-
phism; in the category of groups, a group isomorphism. An isomorphism in the cate-
gory of topological spaces and homotopic maps is called a homotopy equivalence. It is
also worthwhile to mention an isomorphism in the category of smooth manifolds and
smooth maps. That is a diffeomorphism.

The usefulness of the notion of a category can be seen already from these examples:
a single definition stated in terms of category theory, can replace many corresponding
definitions in specific categories. A similar fact is true for theorems as well: if a theorem
is proven in categorical terms, then it automatically holds in all specific categories. This
observation yields a promising method of obtaining new results.

Let G1, G2 be two categories. Suppose that to each objectX of the former category
we assign an object of the latter category. Let us denote it by F(X). Assume also
that to each morphism f : X → Y of G1 we assign a morphism f∗ : F(X) → F(Y )

of G2. Such an assignment is called a covariant functor from the category G1 to the
category G2 if the following axioms hold:
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1. If f is an identity morphism, then f∗ is also an identity morphism.

2. If a composition fg is well defined, then (fg)∗ = f∗g∗.

A contravariant functor F from a category G1 to a category G2 differs from a covariant
one in that to each morphism f : X → Y of the category G1 we assign a morphism
f ∗ : F(Y ) → F(X) of the category G2, i.e. one that acts in the opposite direction. The
axioms are of course changed in the natural way. In particular, the equality (fg)∗ =
f∗g∗ is replaced by the equality (fg)∗ = g∗f ∗.

Exercise 1. Give examples of covariant and contravariant functors.

Theorem 1. Let F : G1 → G2 be a functor from a category G1 to a category G2.
Suppose that two objects X, Y of the category G1 are isomorphic. Then the objects
F(X), F(Y ) of the category G2 are also isomorphic. Equivalently, if the objects F(X),
F(Y ) of the category G2 are not isomorphic then neither are the objects X, Y .

Proof. We limit ourselves to considering a covariant functor. Let f : X → Y and
g : Y → X be some isomorphisms betweenX andY such thatfg = IdY andgf = IdX.
Then it follows immediately from the definition of a functor that f∗g∗ = IdF(Y ) and
g∗f∗ = IdF(X), which ensures that objectsF(X) andF(Y ) are isomorphic as well. �

Theorem 1 is of fundamental importance. Here is a standard way of applying it:
suppose that we want to find out whether some given topological spaces X and Y are
distinct. Take a functor from the category of topological spaces to another category, for
instance, a category of groups, and compare the objects F(X) and F(Y ). If they are
distinct, then X and Y are distinct as well. In case F(X) and F(Y ) coincide, nothing
can be said about X and Y . This remark explains the significance of homology theory,
which is a functor from topology to algebra.

Exercise 2. Applying Theorem 1, show that the cyclic groups Z4 and Z5 are not
isomorphic.

Thus, with the help of a functor F : G1 → G2, the problem of distinguishing
objects in the category G1 is replaced by a similar problem of distinguishing objects
in the category G2. The meaning of the replacement is that in G2 this problem may be
easier. It should be noted that when we pass from the category G1 to G2, a part of the
information about the objects of G1 is usually lost.

A careful consideration of the above arguments shows that a “nice” functor should
possess the following properties:

1. It should be easily computable, i.e. the determination of the object F(X) for a
given space X should not pose difficulties of fundamental nature.

2. There should be a simple way of distinguishing objects F(X) and F(Y ).

3. The transition from an object X to F(X) should not lose too much information.
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Homology functors from the category of topological spaces to the category of groups
meet these requirements to a significant extent. These aspects should be given special
attention when studying homology theory.

In fact, a homology functor assigns to a topological space not a single group but
rather a whole sequence ofAbelian groups, i.e. it is a functor to the category of sequences
ofAbelian groups. Calculating the homology groups of an arbitrary space may prove to
be unpredictably difficult, therefore, as a rule, they are studied for a class of spaces that
are not too complicated. We take the category of simplicial complexes as the domain
of our homology functor and only briefly mention more general homology theories.

1.2 Some geometric properties of RN

Recall that a basis in the Euclidean space RN is an ordered collection of N linearly
independent vectors.

Definition. Two bases of RN are called equivalent if the determinant of any change of
coordinates matrix between them is positive.

Exercise 3. Prove that the relation thus introduced is an equivalence relation.

Being an equivalence relation, the above relation on the set of all bases decomposes
it into two classes of equivalent bases.

Example. How do we decide, without calculating the matrix, whether two bases of
the line (of the plane, or of the 3-space) are equivalent? We assume that the bases
are given by a picture. The answer is simple. Two bases of the line (i.e. two vectors)
are equivalent if they are co-directed. To each basis of the plane we can assign the
rotation from the first vector to the second one along the smaller angle. Two bases are
equivalent if either both of them are positive (i.e. are counterclockwise) or both are
negative (clockwise). Finally, all bases of the 3-space can be decomposed into the left
ones and the right ones, depending on whether the rotation from the first vector to the
second one in the direction of the smaller angle is positive or negative when looked
upon from the end of the third vector. Two bases are equivalent if they are of the same
type. To determine the type of a basis, one could use the physicists’ “screwdriver rule”.

Exercise 4. Figure 1 shows three right bases and a left one. Find the left one.

Definition. Orientation of the space RN is a class of equivalent bases.

Orientation is usually given by specifying a basis representing the relevant equiva-
lence class.

Exercise 5. Prove that RN has precisely two distinct orientations.
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Figure 1. Right bases and a left one in RN .

It is also convenient to stipulate that the space R0 (the point) has two orientations,
the orientation “+” and the orientation “–”.

Definition. A system a0, a1, . . . , an of n + 1 points in RN is called independent if
these points are not contained in the same plane of dimension n− 1 (or less).

We would like to stress that any system of n points is contained in some plane of
dimension � n− 1.

Exercise 6. Prove that the independence of points a0, a1, . . . , an is equivalent to the
linear independence of the vectors a0a1, a0a2, . . . , a0an.

Exercise 7. Prove that any subset of an independent system of points is also an inde-
pendent system of points.

Definition. The convex hull of n+1 independent points a0, a1, . . . , an in RN is called
an n-dimensional simplex. The points a0, a1, . . . , an are called the vertices of the
simplex.

It follows from the definition that simplices of dimension 0, 1, 2, and 3 are points,
segments, triangles, and tetrahedra, respectively.

The plane of the smallest dimension containing a given simplex is called the support
plane of that simplex. Its dimension coincides with that of the simplex. Orientation
of a simplex is an orientation of its support plane. It is given by the choice of a basis.
According to our agreement on the orientations of RN , a 0-dimensional simplex, i.e. a
point, has two possible orientations, “+” and “−”.

Definition. A face of a simplex is the convex hull of some subset of the set of its
vertices.

Exercise 8. Prove that a face of a simplex is itself a simplex.

Exercise 9. How many m-dimensional faces does an n-dimensional simplex have?

Exercise 10. What is the total number of faces of an n-dimensional simplex?
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Definition. The induced orientation of an (n − 1)-dimensional face of an oriented
n-dimensional simplex is defined in the following way: we choose a basis of the
n-dimensional simplex representing its orientation in such a way that the first n − 1
vectors are contained in the given face and the remaining one is directed inside the
simplex. Then the first n− 1 vectors determine an orientation of the face. This rule is
called “the rule of inward normal”. See Figure 2 on the left. The induced orientations
of the vertices of a one-dimensional simplex (a segment) are chosen such that the vector
that orients the segment is directed from the plus to the minus.

1 2

3

Figure 2. The induced orientation is defined by the rule of “inward normal”. The iteration of
this rule yields opposite orientations.

If α is the orientation of a simplex σ and δ is a face of it, then the induced orientation
of δ is denoted as α|δ.
Theorem 2 (On doubly-induced orientations). Let an (n− 2)-dimensional simplex γ
be a common face of (n− 1)-dimensional faces δ1, δ2 of an n-dimensional simplex σ
with orientation α. Then the orientations (α|δ1)|γ and (α|δ2)|γ are opposite.

The proof of this theorem is obtained by a direct application of the definition of the
induced orientation. Therefore we omit it, restricting ourselves to the illustration in
Figure 2, right.

Definition. A finite collection of simplices in RN is called a simplicial complex if any
two of its simplices either have no common points or intersect along their common
face.

We can stipulate that simplices without common points intersect along their com-
mon empty face. Then the above definition can be reduced to requiring that any two
simplices intersect along their common face. We emphasize that, from the formal point
of view, it is necessary to distinguish the notion of a simplicial complex (a collection of
simplices) and of its underlying space (the union of these simplices). The underlying
topological space of K is denoted by |K|. It is always a polyhedron, i.e. it can be
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presented as the union of some convex polytopes in RN . In this situation we say that
the complex K triangulates the polyhedron |K| (or represents a triangulation of it).
The dimension of K is defined as the maximal dimension of its simplices.

Exercise 11. Give examples of simplicial complexes in the plane and in 3-space, as
well as an example of a collection of simplices that does not form a simplicial complex.

Definition. An orientation of a simplicial complex is a set of orientations of each of
its simplices including their faces.

Exercise 12. How many distinct orientations does the triangle, viewed as a simplicial
complex, have?

The construction of the homology groups of a simplicial complex is carried out in
two steps: first, to each simplicial complex we assign a certain so-called chain complex,
then to this chain complex we assign its homology groups. From the methodological
point of view it is more convenient to start with the second step.

1.3 Chain complexes

Definition. A sequence C of Abelian groups and their homomorphisms

· · · −→ Cn+1
∂n+1−−−→ Cn

∂n−−−→ Cn−1 −→ · · · ,
infinite in both directions, is called a chain complex if for all n we have the equality
∂n∂n+1 = 0.

Let us stress that the equality ∂n∂n+1 = 0 should be understood in the following
way: for any element x of the groupCn+1 the element ∂n(∂n+1(x)) should be the trivial
element of Cn−1. We denote it by zero, since we employ the additive notation for the
chain groups.

Definition. The group Cn is called the n-dimensional chain group of the complex C.
The kernel Ker ∂n ⊂ Cn of the homomorphism ∂n is called the group of n-dimensional
cycles and is denoted by An. The image Im ∂n+1 ⊂ Cn of ∂n+1 is called the group of
n-dimensional boundaries of C and is denoted by Bn.

Exercise 13. Give an example of a sequence of groups and their homomorphisms that
is not a chain complex.

Exercise 14. Find the groups of cycles and the groups of boundaries for all dimensions
of the complex

· · · −→ 0 −→ Z ⊕ Z
∂2−→ Z −→ 0 −→ · · · ,

where the chain groups are given by the equalities C1 = Z, C2 = Z ⊕ Z, Cn = 0 for
n �= 1, 2, and the homomorphism ∂2 is defined by the rule ∂2(m, n) = 3m+ 3n.
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It is easy to show that for any chain complex the group of boundariesBn is contained
in the group of cycles An. The inverse is also true; if Bn ⊂ An for all n, then the
given sequence of groups and their homomorphisms is a chain complex, i.e. ∂n∂n+1 is
always 0.

Definition. The quotient groupAn/Bn is called the n-dimensional homology group of
the chain complex C and is denoted by Hn(C).

Exercise 15. Calculate the homology groups of the complex of Exercise 14.

Terminology. The elements of the groupAn are called cycles and those ofBn are called
boundaries. The homomorphisms ∂n are called boundary homomorphisms. Two cycles
a1, a2 ∈ An are called homologous if their difference a1 − a2 is a boundary, i.e. is an
element of Bn. Thus, two cycles determine the same element of the homology group
if and only if they are homologous. The elements of each homology group can be
interpreted as classes of homology equivalent cycles.

Exercise 16. Calculate the homology groups of the elementary complex E(m) which
has the form

· · · −→ 0
∂m+1−−−→ Z

∂m−−−→ 0 −→ · · ·
and whose chain groups are the following:

En(m) =
{

0, n �= m,

Z, n = m.

Exercise 17. Calculate the homology groups of the elementary complexD(m, k)which
has the form

· · · −→ 0 −→ Z
∂m+1−−−→ Z −→ 0 −→ · · ·

and whose chain groups are given by the rule

Dn(m, k) =
{

0, n �= m,m+ 1,

Z, n = m,m+ 1,

and the homomorphism ∂m+1 consists in multiplication by an integer k �= 0.

Exercise 18. Give a definition of the direct sum of chain complexes and prove that
Hn(C ⊕ C′) = Hn(C)⊕Hn(C

′).

Definition. Let C and C′ be two chain complexes. A family of homomorphisms
ϕ = {ϕn : Cn → C′

n,−∞ < n < ∞} is called a chain map if ϕn∂n+1 = ∂n+1ϕn+1 for
all n.
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The meaning of the condition ϕn∂n+1 = ∂n+1ϕn+1 is that all the squares in the
diagram

· · · �� Cn+1
∂n+1 ��

ϕn+1

��

Cn
∂n ��

ϕn

��

Cn−1 ��

ϕn−1

��

· · ·

· · · �� C′
n+1

∂n+1 �� C′
n

∂n �� C′
n−1

�� · · ·
are commutative.

Exercise 19. Let ϕ : C → C′ be a chain map. Prove that ϕn(An) ⊂ A′
n and ϕn(Bn) ⊂

B ′
n, i.e. that ϕ takes cycles to cycles and boundaries to boundaries.

Theorem 3. Let ϕ : C → C′ be a chain map between chain complexes. Then for any
integer n assigning to each cycle x ∈ Cn the chain ϕn(x) ∈ C′

n induces a well-defined
homomorphism ϕ∗ : Hn(C) → Hn(C

′).
Proof. This theorem is almost obvious. Its proof does not present any difficulties, es-
pecially if the reader has completed Exercise 19. Nevertheless let us describe explicitly
how a chain map ϕ between two chain complexes induces homomorphisms ϕ∗ between
the homology groups of matching dimensions. Here we encounter for the first time
the so-called diagrammatic search (which is our preferred way to refer to the approach
that is also known as “general nonsense”). This method is just a collection of some
more or less standard tricks applied to diagrams. It is best to observe the method in
practice. Let us reproduce the above diagram having removed, for simplicity, all the
indices, see Figure 3. The elements used in the process of the proof are placed next to
the groups to which they belong.

y

Cn+1

x − x1

Cn Cn−1

C′
n+1

ϕ ϕ ϕ

∂

∂

∂

∂

y′
C′
n

x′ − x′
1

C′
n−1

Figure 3. A proof via the method of diagrammatic search.

Let h be an arbitrary element of Hn(C). We would like to use the given chain
map ϕ to assign to h a well-defined element h′ = ϕ∗(h) of Hn(C′). The first step
consists in choosing some cycle x ∈ An ⊂ Cn representing h. Applying to x the
homomorphism ϕ, we obtain a certain element x′ = ϕ(x) of the group C′

n.
Let us show that x′ is a cycle. Indeed, ∂x′ = ∂ϕ(x) = ϕ(∂x) = ϕ(0) = 0 (we

have used the commutativity of the diagrams and the fact that x itself is a cycle). Now
we can define h′ as the class containing the cycle x′.
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Let us prove that the element h′ of the group Hn(C′) does not depend on x, i.e.
on the choice of an element representing h. Let x1 be another representative, and let
x′

1 = ϕ(x1) be its image in C′
n. Denote by h′′ the equivalence class containing x′

1.
Then the difference x − x1 is a boundary. Therefore there exists an element y of Cn+1
such that ∂y = x − x1. Again using the commutativity, we obtain that x′ − x′

1 =
ϕ(x − x1) = ϕ∂(y) = ∂ϕ(y) = ∂y′, where y′ = ϕ(y). It follows that x′ and x′

1 differ
by a boundary element, which means that the elements h′ and h′′ coincide. �

Exercise 20. Describe the category of all chain complexes and the category of se-
quences of Abelian groups. Check that assigning to each chain complex the sequence
of its homology groups, and assigning to each chain map ϕ between chain complexes
the induced map ϕ∗ between their homology groups, yield together a functor from the
former of the above two categories to the latter.

1.4 Homology groups of a simplicial complex

Let K be an oriented simplicial complex. We assign to it a chain complex C(K)
as follows. The elements of the n-dimensional chain group Cn(K) are formal linear
combinations of the form m1σ1 + m2σ2 + · · · + mkσk , where mi are integers and
σ1, . . . , σk are all the n-dimensional simplices. The addition is coordinate-wise. Of
course, the set Cn(K) is a group with respect to this operation.

From the algebraic point of view, Cn(K) is the free Abelian group that is freely
generated, in an obvious sense, by the set of all the n-dimensional simplices. In
particular, its rank is equal to the number of these simplices. Furthermore, suppose
that there are no n-dimensional simplices in K . This may happen if n is negative or
greater than the dimension of K . Then there are no linear combinations either. In this
case we set Cn(K) = 0.

To define homomorphisms ∂n : Cn(K) → Cn−1(K) it is sufficient to define the
images of the generators, i.e. of all the simplices. Let σ be an n-dimensional simplex
of K . Then each of its (n− 1)-dimensional faces has two orientations, its own orien-
tation that is a part of the total orientation of K and the orientation induced on it as a
face of σ . We set by definition

∂n(σ ) =
∑
δi∈K

εiδi,

where the summation is over all the simplices δi of dimension n−1 and the numbers εi
(called the incidence coefficients) are given by the following rule:

εi =

⎧⎪⎨⎪⎩
0, if δi is not a face of σ ;
1, if δi is a face of σ and the two orientations coincide;

−1, if δi is a face of σ and the two orientations are distinct.
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The geometric meaning of this rule is quite simple. Recall that σ denotes not just
an oriented simplex but also the chain 1 · σ (an element of Cn(K)). Let us postulate
that the chain −σ = (−1) · σ corresponds to the same simplex σ , but taken with the
opposite orientation. Then ∂n(σ ) is nothing more than the boundary of σ , where all the
(n−1)-dimensional simplices contained in it are taken with their induced orientations.

Theorem 4. For any simplicial complexK the groupsCn(K) and the homomorphisms
∂n : Cn(K) → Cn−1(K) form a chain complex (which we denote by C(K)).

The proof of this theorem follows from Theorem 2 on doubly-induced orientations,
which we now can rephrase as follows: the boundary of a boundary is empty. The
fundamental importance of this fact, which lies in the foundation of any homology
theory, merits a careful and deep consideration.

Definition. Let K be an oriented simplicial complex. Then the homology groups of
the corresponding chain complex C(K) are called the homology groups of K and are
denoted by Hn(K).

In other words, the groupHn(K) is the quotient group Ker ∂n/ Im ∂n+1 of the kernel
of the homomorphism ∂n by the image of the homomorphism ∂n+1.

Exercise 21. Prove that the groupsHn(K) do not depend on the choice of an orientation
of K .

One can also prove that the homology groups of any polyhedron (a subset of RN

which can be presented as a simplicial complex) do not depend on any particular
choice of such presentation, i.e. on the triangulation. The proof of this result is rather
cumbersome, although it does not present serious difficulties of theoretical nature. For
instance, one may proceed as follows:

1. Make sure that the above construction of the homology groups can be carried
over to polyhedra decomposed not necessarily into simplices but into arbitrary
polytopes.

2. Prove that if some decomposition of a triangulated polyhedronK into polytopes
has the property that each simplex consists of whole polytopes, then the homol-
ogy groups calculated via the triangulation are isomorphic to those calculated
via the decomposition into polytopes. It is easiest to describe the desired isomor-
phism using the generators of the chain groups of the triangulation, i.e. simplices.
To each n-dimensional simplex σ of the triangulation we assign the chain that
consists of all the polytopes comprising σ . The coefficients at those polytopes are
equal to ±1, depending on whether the orientation of a given polytope coincides
with that of σ or is opposite to it. Therefore the boundary of this chain coincides
with the boundary of the simplex, which essentially ensures the isomorphism of
the homology groups, see also Figure 4.
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a

b c d

e f
g

h

	 = a − b − c + d + e + f − g + h

Figure 4. An oriented simplex is assigned the chain composed of the polytopes comprising it.

3. For any two given triangulations of the same polyhedron we may consider the
decomposition into the polytopes given by intersections of any two simplices
belonging to the two triangulations. Then the previous item ensures the desired
isomorphism of the homology groups.

It is important to mention that it is possible to define the homology groups not only
for polyhedra but also for more general spaces homeomorphic to polyhedra. Sometimes
such spaces are called topological polyhedra. Topological polyhedra can by definition
be triangulated, but into curvilinear simplices (images of genuine simplices under the
relevant homeomorphism).

Thus, in order to calculate the homology groups of a given topological space, one
should perform the following steps:

1. Present the space as a polyhedron and triangulate it.

2. Choose an orientation for the simplicial complex thus obtained.

3. Calculate the chain groups Cn.

4. Describe the boundary homomorphisms ∂n.

5. Calculate the groups of cycles An.

6. Calculate the groups of boundaries Bn.

7. Calculate the quotient groups Hn = An/Bn.

Theorem 5. The homology groups of the point are the following:

Hn(∗) =
{

0, n �= 0,

Z, n = 0.
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Proof. The proof is evident, since the chain complex corresponding to the point (viewed
as a 0-dimensional simplex) has the form,

· · · −→ 0 −→ Z −→ 0 −→ · · · ,
where Z is the 0th chain group. �

Exercise 22. Calculate the homology groups of the segment and those of the circle.

Exercise 23. Calculate the groups H2(S
2), H2(T

2), where S2 is the two-dimensional
sphere and T 2 = S1 × S1 is the two-dimensional torus.

Exercise 24. Prove that for any simplicial complex K the group H0(K) is the free
Abelian group of rank equal to the number of connected components of K .

1.5 Simplicial maps

Definition. A map from one simplex to another is called linear if it takes vertices
to vertices and can be extended to an affine map between the support planes of the
simplices.

A linear map can of course take a simplex to a simplex of smaller dimension. For
instance, a simplex can be projected onto one of its faces, see Figure 5.

Figure 5. Linear (left) and non-linear (right) maps from a simplex onto its face.

Exercise 25. Prove that a linear map between two simplices is completely determined
by the images of the vertices.

Definition. A map f : K → L between simplicial complexes (more precisely, a map
f : |K| → |L|) is called simplicial if the image of each simplex ofK is a simplex of L
and the restriction of f to any simplex of K is a linear map.

Exercise 26. Suppose that a map f (0) : K(0) → L(0) takes the vertex setK(0) ofK to
the vertex setL(0) ofL. Prove that f (0) can be extended to a simplicial map f : K → L
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if and only if it has the following property: if vertices v0, v1, . . . , vm belong to some
simplex of K , then also the vertices f (0)(v0), f

(0)(v1), . . . , f
(0)(vm) belong to some

simplex of the complex L.

Each simplicial map f : K → L between oriented simplicial complexes gives rise
to a map ϕ : C(K) → C(L) between the corresponding chain complexes, which is
defined by the images of the generators (i.e. of simplices) via the formula:

ϕ(σ) =

⎧⎪⎨⎪⎩
0, if dim σ > dim f (σ);
f (σ), if dim σ = dim f (σ) and f|σ is orientation-preserving;

−f (σ), if dim σ = dim f (σ) and f|σ is orientation-reversing.

By f|σ we denote the restriction of f to the simplex σ . Since this restriction is an
affine isomorphism in our case, it makes sense to say whether f preserves or reverses
the orientation.

Exercise 27. Prove that ϕ is a chain map.

Definition. A complex K1 is called a subdivision of a complex K if their underlying
spaces coincide as subsets of RN and each simplex of the complex K1 is contained in
some simplex of the complex K .

Subdivisions are usually obtained by decomposing each simplex into some smaller
ones in such a way that the decompositions are consistent on all the faces.

Example. Figure 6 shows the barycentric and the second barycentric subdivisions of
a triangle.

Figure 6. The barycentric and the second barycentric subdivisions of a triangle.

Exercise 28. Prove that each complex has an arbitrarily small subdivision.

Theorem 6 (on simplicial approximation). For any continuous map f : |K| → |L|
between the underlying spaces of two simplicial complexes there exists a subdivisionK1
of the complex K and a simplicial map g : K1 → L such that g is an approximation
of f in the following sense: for any point x ∈ |K| there is a simplex of the complex L
that contains both f (x) and g(x).
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The use of the term “approximation” is due to the following fact. If a subdivision
ofL is chosen to be so small that the diameters of all simplices are bounded from above
by some chosen ε, then the map g is an ε-approximation of f in the metric sense. On
the other hand, forcing each point f (x) to move steadily towards the point g(x) along
some segment that joins these points and is contained inside the simplex, we get a
continuous deformation of f into g. Thus, g is an approximation of f in the homotopy
sense. Let us state this precisely.

Definition. Maps f, g : X → Y from one topological space to another one are called
homotopic (this is denoted as f ∼ g) if there exists a continuous map F : X× I → Y

such that F(x, 0) = f (x) and F(x, 1) = g(x) for all x (here and henceforth I denotes
the segment [0,1]).

If g is a simplicial approximation of a map f : |K| → |L|, then a homotopy
F : |K| × I → |L| between them can be given by the formula F(x, t) = tg(x) +
(1 − t)f (x), which is well defined because the points f (x), g(x) belong to the same
simplex.

The proof of the simplicial approximation theorem makes use of the following
definitions and facts.

Definition. The open star
◦

St(v,K) of a vertex v of a complex K is the union of
interiors of all the simplices of K of which v is a vertex. If we take the union of the
closed simplices, then we get the closed star St(v,K).

Examples of open stars are shown in Figure 7.

Figure 7. The open stars of two vertices joined by an edge have non-empty intersection.

Exercise 29. Prove that the open star of any vertex v of a complexK is an open subset
of the underlying space of K .
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Exercise 30. Let v1, . . . , vk be some vertices of a complex K . Prove that the inter-

section
⋂k
i=1

◦
St(vi,K) of their open stars is non-empty if and only if K contains a

simplex spanning these vertices (see the illustration in Figure 7).

Definition. A number δ > 0 is called a Lebesgue number of a cover {Uα} of a metric
space X (α runs over some indexing set A) if for any Y ⊂ X such that the diameter
of Y does not exceed δ there exists α ∈ A such that Y ⊂ Uα .

Exercise 31. Prove that for any open cover of a metric compact space there exists a
Lebesgue number.

Let us now prove the simplicial approximation theorem.

Proof. Let f : |K| → |L| be an arbitrary continuous map between the underlying
spaces of the simplicial complexes K and L. For each vertex w of the complex L

we define an open set Uw = f−1(
◦

St(w,L)) ⊂ K . Then the family of subsets {Uw},
where w runs over the set of all vertices of L, is an open cover of the polyhedron |K|.
Let δ be a Lebesgue number of this cover, and letK1 be a sufficiently small subdivision
of K such that the diameter of the star of any vertex of K1 does not exceed δ. Let
us assign to each vertex v of the complex K1 a vertex w of the complex L such that
◦

St(v,K1) ⊂ Uw, see Figure 8. The vertex w exists, since the diameter of the star
◦

St(v,K1) is not greater than the Lebesgue number. If there are several such vertices,
then we just take any one of them. This assignment defines a map g0 : K0

1 → L0 of
the vertex set of the complex K1 to that of the complex L.

Uw

v

Figure 8. The star of each vertex v ∈ K1 is contained in the pre-image of the open star of some
vertex w ∈ L.

Let us prove that the map g0 has the following property: if points v1, . . . vk span a
simplex inK1, then their images w1 = g0(v1), . . . , wk = g0(vk) (some of which may
coincide) also span a simplex in L. Indeed, since v1, . . . vk span a simplex, their stars
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have non-empty intersection, hence the stars of w1, . . . wk in L also have non-empty
intersection. Therefore they also span a simplex. This guarantees the existence of the
simplicial map g : K1 → L that extends g0. Obviously, g approximates f in the sense
that for any point x ∈ |K| its images f (x) and g(x) lie in the same simplex. �

The relative version of the simplicial approximation theorem is also true.

Theorem 7 (on the relative simplicial approximation). Consider simplicial complexes
K,L, their subcomplexes M ⊂ K , N ⊂ L and a map f : |K| → |L| such that
f (|M|) ⊂ |N |. Then there exists a subdivision K1 of the complex K and a simplicial
map g : K1 → L such that for any point x ∈ |K| its images f (x) and g(x) lie in the
same simplex of L and for any point x ∈ |M| its images f (x) and g(x) lie in the same
simplex of the subcomplex N .

Exercise 32. Prove the relative version of the simplicial approximation theorem.

1.6 Induced homomorphisms of homology groups

Being in possession of the simplicial approximation theorem and knowing how a sim-
plicial map induces homomorphisms of homology groups, it is not difficult to define the
induced homomorphisms f∗ : Hn(K) → Hn(L) for an arbitrary map f : |K| → |L|.
Definition. Let f : P → Q be an arbitrary map between polyhedra, and let g : K → L

be any simplicial map of some complexes defining triangulations of P and Q, homo-
topic to f (such a g exists by the simplicial approximation theorem). Then we define
homomorphisms f∗ : Hn(P ) → Hn(Q) by setting f∗ = g∗ for all n.

It is necessary to ensure that the maps f∗ are well defined, i.e. to prove that if
g′ : K ′ → L is another simplicial approximation of f , then g∗ = g′∗. The idea of
the proof is this: f ∼ g and f ∼ g′ imply that g ∼ g′, i.e. that there exists a map
F : P × I → Q such that F(x, 0) = g(x) and F(x, 1) = g′(x). By the relative
simplicial approximation theorem applied to the map F (which is simplicial on the
upper and the lower bases of the cylinder P × {0, 1}), this map can be replaced by
a map G : P × I → Q which is simplicial with respect to some triangulation of the
polyhedron P × I and which takes P × {0, 1} to g(K) ∪ g′(K ′).

Now let a be an arbitrary cycle in K . We want to prove that the cycles g∗(a),
g′∗(a) are homologous, i.e. that their difference is the boundary of some chain. A
geometric prototype of such a bounded chain is the image of the cylinder a × I under
the homotopy G. Since ∂(a × I ) = ∂a × I ∪ a × ∂I = a × ∂I = a × {0} − a × {1},
we have that ∂G(a × I ) = G∂(a × I ) = G(a × {0} − a × {1}) = g∗(a) − g′∗(a).
This actually means that the difference g(a)−g′(a) is a boundary, i.e. the cycles g∗(a)
and g′∗(a) determine the same element of the homology group, see Figure 9.
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Figure 9. The “film” G(a × I ) is bounded by the difference g∗(a)− g′∗(a).

The idea just described allows us to better understand the formal proof (see, for
instance, [6]), where it is explained, in particular, how one can triangulate the direct
productK × I , and why an algebraic object (the cycle a) can be treated as a geometric
one, for instance, be multiplied by I .

Exercise 33. Prove that a composition of maps induces the composition of the ho-
momorphisms and that the identity map induces the identity homomorphisms of the
homology groups.

Theorem 8. Let f, g : P → Q be homotopic maps between two polyhedra. Then the
induced homomorphisms f∗, g∗ : Hn(P ) → Hn(Q) coincide for all n.

The proof of the theorem follows directly from the definition of the induced homo-
morphisms. Indeed, any simplicial approximation of f is at the same time a simplicial
approximation of g, even if in the homotopy sense only, but it suffices.

Exercise 34. Prove that the homotopy equivalence of polyhedra X and Y implies that
their homology groups are isomorphic.

1.7 Degrees of maps between manifolds

Recall that a topological space M is called an n-dimensional manifold if every point
x ∈ M has a neighbourhood U homeomorphic to a domain V of the space Rn. Any
specific homeomorphism ϕ : U → V is called a chart on M . This chart can be
viewed as a local coordinate system: the coordinates of a point x ∈ U are exactly the
coordinates of its image ϕ(x) in Rn. Any collection of charts whose domains cover
the whole M is called an atlas. If the domains U , U ′ of two charts ϕ : U → V and
ψ : U ′ → V ′ have a non-empty intersection Z, then there is a well-defined change of
charts ψϕ−1 : ϕ(Z) → ψ(Z), see Figure 10.
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V

ϕ

U
Z

U ′

ψϕ−1

ψ

V ′

Figure 10. Changes of charts are homeomorphisms between domains in Rn.

To avoid pathological examples it is normally required that the manifold be a Haus-
dorff topological space with a countable base. Manifolds are often considered endowed
with extra structures. To determine such a structure, we should specify a class C of
homeomorphisms between domains in Rn that is closed with respect to taking restric-
tions to smaller domains, taking inverse homeomorphisms, and taking a composition
when it is well defined. Let us give three examples, where C consists of diffeomor-
phisms, piecewise-linear maps, and orientation-preserving maps.

1. A manifold is called smooth if it has an atlas in which all changes of charts are
diffeomorphisms between domains in Rn. Smooth manifolds have the advantage
of being accessible to the powerful tools of mathematical analysis that exist for
domains in Rn. For instance, one can speak of smooth functions and smooth maps
on smooth manifolds, singular and regular points, regular and critical values. All
these notions are carried over from the case of Rn to the case of an arbitrary
smooth manifold via introducing a local coordinate system in the neighbourhood
of the point in question. The choice of a coordinate system is not important,
since diffeomorphisms preserve the above properties.

2. A manifold is called piecewise-linear (or a PL-manifold) if it has an atlas in
which all changes of charts are piecewise-linear (i.e. simplicial with respect to
some triangulations) homeomorphisms between domains of Rn. Since domains
are non-compact, one has to consider infinite triangulations. It is known that
a closed manifold is piecewise-linear if and only if it admits a triangulation
such that the closed star of any vertex is piecewise-linear homeomorphic to the
standard simplex.

3. A smooth manifold is called orientable if it admits an atlas such that all changes
of charts preserve the orientation of the space Rn. The property of preserving
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the orientation is in this case equivalent to the requirement that the Jacobian of
any change of charts be positive at all points. The orientability of a piecewise-
linear manifold is defined in a similar way: the manifold must admit an atlas
such that all changes of charts, which are simplicial homeomorphisms, preserve
orientations of all simplices of maximal dimension. A triangulated manifold of
dimension n is orientable if and only if all of its n-dimensional simplices can be
oriented in a coherent way, i.e. such that, for any (n − 1)-dimensional simplex,
the orientations induced on it by the two adjacent n-dimensional simplices are
opposite to each other.

Exercise 35. Give definitions of a Euclidean, hyperbolic, complex-analytic, confor-
mal, and Lipschitz manifold (to give a formal definition, it is in fact not necessary to
understand the meaning of these terms).

Theorem 9. For any connected closed triangulated manifold M of dimension n the
group Hn(M) is isomorphic to Z if M is orientable, and is trivial if it is not.

Proof. The sumσn1 +· · ·+σnm of all coherently oriented simplices of maximal dimension
is a cycle. Since there are no (n + 1)-dimensional simplices, there are no relations
either, i.e. we obtain a non-trivial element of Hn(M). All the other cycles of maximal
dimension must be multiples of σn1 +· · ·+σnm, because for any n-dimensional chain that
defines a cycle, the coefficients at coherently oriented neighbouring simplices should
be the same. For the same reason the absence of a coherent orientation ensures that the
group Hn(M) is trivial when M is non-orientable. �

It is worth noting that ifM is disconnected, thenHn(M) = Z ⊕ · · · ⊕ Z, where the
number of summands Z coincides with the number of orientable connected components
of M .

Thus, for any closed connected oriented manifold M of dimension n the group
Hn(M) is isomorphic to Z (with a canonic isomorphism determined by the orientation).
Since each homomorphism Z → Z is essentially a multiplication by an integer, this
allows us to introduce the notion of the degree of a map.

Definition. Let f : M → N be a simplicial map from one closed connected oriented
triangulated manifold of dimension n to another one, and let f∗ : Hn(M) → Hn(N) be
the induced homomorphism. Then the integer f∗(1) is called the degree of the map f
and is denoted by deg f .

The degree of a map admits a clear geometric interpretation. Let σ be an arbi-
trary n-dimensional simplex of the target manifold N , and let σ1, . . . , σm be all the
n-dimensional simplices from its pre-image, which f maps to σ via an affine isomor-
phism. Assume that the orientations of all the σi and of σ are consistent with those
of the manifolds M and N . Assign to each simplex σi the number 1 if the restriction
of f to σi preserves the orientation and −1 if f reverses it, see Figure 11. Then the
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definition of the degree implies that it is equal to the sum of these numbers. Naturally,
if f is not simplicial, then prior to calculating its degree, f should be approximated by
a simplicial map.

+1

+1
+1

−1

Figure 11. The degree of a map is equal to the difference between the number of the simplices
mapped onto a given simplex σ ⊂ N preserving the orientation and that of the simplices mapped
onto σ reversing the orientation.

Exercise 36. The circle |z| = 1 is mapped onto itself via the map f given by the
formula f (z) = zn. Calculate the degree of this map.

The only difficulty which is likely to arise in the course of solving this exercise
may be related to the necessity of passing to the simplicial category: both copies of the
circle (the source and the target) must be replaced with simplicial complexes in such a
way that f is simplicial, see the solution of this exercise at the end of the book. Would
it be possible to learn how to calculate the degrees of smooth maps between smooth
manifolds without leaving the smooth category? It is, and sometimes this approach is
more convenient.

Recall that a point x ∈ M is called a singular point of a smooth map f : M → N

from a smooth manifoldM of dimensionm to a smooth manifoldN of dimensionn � m

if with respect to some (and hence to any) local coordinate systems (x1, . . . , xm) in
the neighbourhood of x and (y1, . . . , yn) in the neighbourhood of y = f (x), the rank
of the Jacobi matrix (∂yi/∂xj ) is less than n (i.e. is not maximal). A point y ∈ N is
called a regular value if its pre-image does not contain singular points, and a critical
value otherwise. According to the famous Sard theorem (see, for instance, [1]) the set
of critical values of any smooth map between two manifolds is small. The rigorous
meaning of the last word can be defined in different ways. For instance, one can say
that this set has measure 0 or that it is of the first category (is the union of a countable
family of nowhere dense sets). We will need just one property: that the complement
of the set of critical values (i.e. the set of regular values) is always non-empty.
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Let f : M → N be a smooth map from one closed oriented n-dimensional manifold
to another one. Choose a regular value b ∈ N . Then the inverse function theorem and
a compactness argument imply that the complete pre-image f−1(b) ⊂ M consists of
a finite number of regular points a1, . . . , as ∈ M . Assign to each point ak the number
εk = 1 or εk = −1, according to the sign of the determinant of the Jacobi matrix
(∂yi/∂xj ) (this determinant is non-zero, since the Jacobi matrix is a square one and has
rank n), see Figure 12.

+1
+1

+1−1

Figure 12. The degree of a smooth map is equal to the difference between the number of the
points in the pre-image where the Jacobian is positive and the number of the points where the
Jacobian is negative.

Definition. The number
∑s
i=1 εi , i.e. the difference between the number of the positive

points and that of the negative points in the pre-imagef−1(b) ⊂ M , is called the smooth
degree of the map f .

Evidently, the smooth degree coincides with the one introduced previously in terms
of the induced homomorphism of the senior homology group, see the definition in
Section 1.7. Intuitively this fact does not cause any doubts, it is sufficient to compare
Figures 11 and 12. A rigorous proof can be obtained by passing to the category of
piecewise-linear manifolds and their maps, where both methods of calculation are
defined.

The equality between the degrees implies that the smooth degrees of homotopic
smooth maps are equal. Let us give a useful geometric illustration of this fact. Let
f0, f1 : M → N be two homotopic maps from one closed oriented n-dimensional
manifold to another one, and let F : M×I → N be a smooth homotopy between these
maps. Choose a regular value b ∈ N of the map F . The implicit function theorem
tells us that the pre-image F−1(b) consists of smooth arcs with the ends at the bases
N × {0, 1} of the cylinder N × I and possibly of several smooth closed arcs inside
of it. Furthermore, the ends of the same arc have the same sign if they belong to
different bases of the cylinder and the opposite signs if they belong to the same base,
see Figure 13. This ensures the equality deg(f0) = deg(f1).
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+1

+1

+1

+1 −1 −1

−1 −1

M × I

Figure 13. The sum of the numbers on the upper base of cylinder M × I equals the sum of the
numbers on the lower base.

1.8 Applications of the degree of a map

In this section we consider several classical examples of applications of the degree
of maps as well as one new example of such an application. Let us start with the
homotopic classification of maps from the circle to itself. Each map f : S1

1 → S1
2 from

one circle to another can be viewed as a parameterized path in S1
2 , which starts and ends

at the same point. Moving along this path we perform an integer number of windings
around the circle. This number coincides with the degree of f , or, rather, the notion of
the degree is a formalization of the intuitively clear but not very rigorous notion of “the
total number of windings”. Since the annulus is homotopy equivalent to the circle, we
can consider closed paths in the annulus instead of in the circle.

Exercise 37. What is the total number of windings around the marked point that is
performed by the closed path shown in Figure 14?

Figure 14. A closed path in an annulus determines a map from a circle to a circle.
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Theorem 10. Maps f, g : S1 → S1 are homotopic ⇐⇒ deg f = deg g.

Proof. The part �⇒ follows from the definition of the degree and from Theorem 8,
which states that homotopic maps between two polyhedra induce identical homomor-
phisms of their respective homology groups.

Suppose that the degrees of the maps f and g are equal to the same number n. Let
us assume that the maps are smooth. We construct a map F : S1 × I → S1 in the
following way.

1. On the lower and the upper bases S1 × {0} and S1 × {1} of the cylinder S1 × I

the map F should coincide with f and g respectively.
2. Let y0 ∈ S1 be a common regular value of the maps f and g such that its

full pre-images x1, . . . , xk ∈ S1 × {0} and x′
1, . . . , x

′
m ∈ S1 × {1}, situated at the

bases of the cylinder, are non-empty. As above, these points are marked by certain
numbers ±1 such that the numbers attributed to the points of the lower base, as well as
those attributed to the points of the upper base, sum up to n. Let us join these points
by disjoint arcs inside the cylinder in such a way that each arc whose ends are on the
same base would join points with opposite signs and that each arc whose ends are on
distinct bases would join points with identical signs. Obviously, at least one arc of the
latter type should be present.

3. We map the arcs thus chosen to the point y0 and then extend this map to a map
from some ribbon neighbourhoods of the arcs to a small arc �0 ⊂ S1, as shown in
Figure 15.

+1 +1 +1

+1 +1 +1−1

−1

g

f

y0

Figure 15. Constructing a homotopy between maps of the same degree.

4. Each of the remaining regions of the cylinder is homeomorphic to a disc, and
its boundary is mapped to the arc �1 ⊂ S1 complementary to the arc �0. Therefore
the obtained map defined on the union of the bases of the cylinder and of the ribbons
can be extended to a map from the whole cylinder to S1. This yields the desired
homotopy. �
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The above theorem implies that each map from a circle to itself is homotopic either
to the constant map to a point (when the degree is equal to zero) or to the n-fold winding
in the positive or in the negative direction, depending on the sign of the degree.

Another application of the degree of a map is Whitney’s theorem on the regular
homotopy classification of immersions of the circle into the plane.

Definition. A smooth map f : S1 → R2 is called an immersion if it does not have any
singular points, i.e. if the tangent vector never vanishes. Such maps are often called
regular curves.

Definition. Immersions f, g : S1 → R2 are called regular homotopic if there exists
a smooth map F : S1 × I → R2 such that F(x, 0) = f (x) and F(x, 1) = g(x) for
all x and the map Ft : S1 → R2 determined by the formula Ft(x) = F(x, t) is an
immersion for all t ∈ I .

It is relevant to recall here that any smooth map F is infinitely differentiable.
Hence the tangent vector of Ft depends continuously (and even smoothly) both on the
parameter t and on the initial point. This implies that the homotopy shown in Figure 16
is not regular, although the curve looks like an immersion at each moment t . The reason
is that the tangent vector at the marked point vanishes.

Figure 16. Tightening of a loop.

Let f : S1 → R2 be an immersion. Assign to each point x ∈ S1 the endpoint of
the unit vector v(t)/|v(t)| with origin at the center of the coordinate system, where
v(t) = f ′(t) is the tangent vector. We obtain a map vf : S1 → S1. It turns out that the
regular homotopy class of the immersion f is fully determined by the degree of the
map vf . This number is called the writhe number of f and is denoted by w(f ).

Theorem 11 (Whitney’s Theorem). For any integer n there exists an immersion
f : S1 → R2 such that w(f ) = n. Furthermore, two immersions f, g : S1 → R2

are regular homotopic ⇐⇒ w(f ) = w(g).

Proof. The validity of the first claim of the theorem follows from Figure 17. The
figure shows certain immersions for every writhe number n � 0. Let us call them
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standard. Standard immersions with negative writhe numbers are obtained from those
with positive writhe numbers by reversing the direction of winding. If n �= 0, the

n = 0 n > 0

Figure 17. Standard immersions of the circle.

absolute value of n is the number of loops plus 1, and its sign is determined by the
direction in which we go around the curve. The figure also shows another variety of
standard immersions for n �= 0: it is just the n-fold winding around the standard circle
in the desired direction. Since under a regular homotopy of an immersion f the map vf
is subjected to a homotopy, the part �⇒ of the second claim of the theorem follows
from Theorem 10. To prove the implication ⇐� we show that every immersion is
regular homotopic to a standard one.

1. Let f : S1 → R2 be a given immersion. We start by detecting there a simple
loop, i.e. a piece of the immersed circle which starts and ends at the same point of the
plane and has no other points of self-intersection. Such a loop can be easily found. We
should just start at an arbitrary point and move along the curve until we encounter one
of the points that we have already passed. This second point will be the starting point
of the desired loop. See Figure 18, left.

2. Now we use a regular homotopy to make this loop very small, almost invisible,
but without completely destroying it. Then we may disregard this loop henceforth and
operate with the curve as if this loop were not present. See Figure 18, right.

Figure 18. Taming of the loops.
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3. Let us perform such operations for as long as possible. In the end we get a
circle with several small loops. These loops are divided into interior and exterior ones.
Figure 19 shows a regular homotopy destroying a pair of neighbouring scalene loops.
This trick allows us to ensure that all loops are placed from one side only.

Figure 19. Destroying neighbouring loops.

4. If all the loops are interior ones, then we have a standard immersion. Assume
that all the loops are exterior and that their number is greater than 1. Choose one of
these loops and move all the other loops inside it by the regular homotopy shown in
Figure 20. Then we destroy the obtained pair of neighbouring scalene loops and again
get a standard immersion.

Figure 20. Turning exterior loops into interior ones.

5. In the single remaining case there is only one exterior loop and no interior ones,
hence we have a standard immersion with writhe number 0 (eight-figure). �

Exercise 38. Give a regular homotopy classification of immersions of the circle intoS2.

Let us prove now the Fundamental Theorem of Algebra, which states that every
polynomial equation over the complex field is solvable. Of course, there are many nice
proofs of this theorem but the one described below is perhaps the most conceptual.

Theorem 12 (Fundamental Theorem of Algebra). Any polynomial of non-zero degree
has a root (complex or real).
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Proof. Let P(z) = zn + an−1z
n−1 + · · · + a0 be the given polynomial. Present

the sphere S2 as the extended complex plane C ∪ ∞. Such presentation endows the
sphere with the structure of a complex manifold. It is convenient to cover it with two
charts, the complement of the south pole and the complement of the north pole. The
homeomorphisms from these regions to the complex plane Cz with coordinate z and
the complex plane Cw with coordinate w are given by the stereographic projections
ϕ : S2 \S → Cz andψ : S2 \N → Cw. See Figure 21, which explains why the change
of charts ψϕ−1 : Cz \ {0} → Cw \ {0} is given by the formula w = 1/z (provided that
the diameter of the sphere is 1).

y

y

x

x
z

w

S

B

A
N

C

Figure 21. The similarity of triangles SNC and SAN implies that |z||w| = 4R2, where R is the
radius of the sphere and z andw are the complex coordinates of the pointsA andC, respectively.

Define maps P,E from the sphere S2 = Cz ∪ ∞ to itself by the rule P(z) =
zn + an−1z

n−1 + · · · + a0, E(z) = zn if z �= ∞ and P(z) = E(z) = ∞ if z = ∞. Let
us prove that these maps are homotopic. Indeed, the rule F(z, t) = zn+ t (an−1z

n−1 +
· · · + a0) for z �= ∞ and F(z, t) = ∞ for z = ∞, for all t ∈ [0, 1], defines a
homotopy between them, since F(z, 1) = P(z) and F(z, 0) = E(z). At first glance,
this homotopy may have a nasty behaviour in the neighbourhood of the point z = ∞
(for instance, be discontinuous). However, this is easily seen not to be the case by
passing to the coordinate w = 1/z. The homotopy formula written with respect to the
coordinate w has the form,

G(w, t) = wn

1 + t (an−1wn−1 + · · · + a0)
,

therefore for smallw (when |an−1w
n−1 +· · ·+a0| < 1 and so the denominator is never

zero) the homotopy is not only continuous but also differentiable. For the same reason
the maps P and E are not only continuous but also holomorphic, i.e. differentiable in
the complex sense.

Let us now compare the following facts.
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1. The degree of E is equal to n. Indeed, the pre-image of any point a �= 0,∞ of
S2 consists of exactly n points (n-th degree roots of a), and at each of them the
Jacobian is positive. The latter holds for any regular point of any holomorphic
function f : C → C. Indeed, if this function is written in real coordinates
as f (x + iy) = u(x, y) + v(x, y)i, then by the Cauchy–Riemann conditions
ux = vy, uy = −vx (for brevity, we use this notation for the partial derivatives)
the Jacobian

∣∣ ux uy
vx vy

∣∣ = u2
x + u2

y is indeed always positive.

2. Since the map P is homotopic to the map E, the degree of P is also equal to n.

3. Finally, if the polyhedronP(z) does not have a root, then the degree of the mapP
determined by it is equal to 0, since the pre-image of 0 (which is a regular value)
is empty.

Together these three facts imply that any polynomial of non-zero degree has a root. �

It is useful to add that in fact we have proven much more: for almost all right-hand
terms a ∈ C the equation P(z) = a has exactly n roots. More precisely, the number
of distinct roots is n for any regular value a of the map P .

As one more application of the degree, let us prove the Hairy Ball Theorem. It
claims that a hairy ball cannot be combed such that all hairs lay flat.

Theorem 13. Any continuous tangent vector field on S2 has a singular point, i.e. a
point where it vanishes. (See Figure 22, left, which shows the trajectories of a vector
field with just one singular point.)

A

A′

Figure 22. Trajectories of a vector field with one singular point (left). Each point A moves
towards its opposite A′ along a big semi-circle (right).

Proof. Denote by r the antipodal map of the sphere to itself, which takes each point
A ∈ S2 to its diametrically opposite point A′. The degree of this map is equal to −1,
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hence it is not homotopic to the identity map, whose degree is 1. The proof of the
theorem is by contradiction. Assume that some given vector field does not have any
singular points. Let us force each point A ∈ S2 to move gradually towards its anti-
pode A′ along a semicircle of the big circle that passes through the points A, A′ and
touches the vector coming out of A. In fact, out of the two semi-circles we choose the
one towards which the vector is pointed. See Figure 22, right. It is easy to show that
this rule defines a homotopy between the antipodal map r and the identity, which is
impossible. �

Now we describe a recent example of an application of the degree, a solution of
the question about the number of common tangent lines of two immersed circles. The
author is grateful to M. Polyak, who introduced him to this problem and its beautiful
solution.

Let f, g : S1 → R2 be two immersed circles, whose images (which are immersed
closed curves) lie in the interiors of two complementary half-planes. How many com-
mon tangent lines can they have? If the curves are standard round circles then the
answer is evident: exactly 4. But how many common tangent lines are there in a
general case, when, let us say, the writhe numbers w(f ),w(g) are taken arbitrarily?
The question in this form does not make much sense, since a small perturbation of one
of the curves may lead to the appearance of one or more common tangent lines, see
Figure 23. However, the statement of the problem can be modified a bit to make it
meaningful.

(A)

(B)

(C)

Figure 23. Three reasons for the appearance or disappearance of common tangent lines: cubic
tangency (A), double tangency (B), zigzag (C).
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The reason for the emergence of new tangents in the case (A) consists in the presence
of a degenerate (in our case cubic) tangency. To avoid it we require that all common
tangents be non-degenerate. This means that the curvatures of both curves in all points
of tangency must be distinct from zero, i.e. that the tangency must be quadratic.

In the case (B) the obstacle is removed by taking into account the multiplicity of
tangents. Namely, if a line touches the first curve in points a1, . . . , ak and it touches
the second curve in points b1, . . . , bl , then it should be considered as kl tangents, one
for each pair of points ai , bj . This is quite natural, since exactly this many tangents
appear under a small perturbation of the curves.

The case (C) is more difficult, since there we cannot get rid of the new tangents.
The solution is to endow the common tangents with signs ±1 in such a way that the
tangents from each arising pair have distinct signs and hence cancel each other out
under counting. Let l be a line which touches curves f and g at points f (t0) and g(τ0)

respectively, where t and τ are the parameters on the two copies of S1. Assign to the
point f (t0) a sign δ1 = ±1 depending on the direction of the turn (positive or negative)
of the velocity vector v(t) = f ′(t) when the parameter t passes through the value
t = t0. The sign δ2 of the point g(τ0) is defined similarly. Now we are ready to define
the sign εl of the common tangent l: it is equal to the product δ1δ2. It is easy to check
that the common tangents arising in the case (C) have opposite signs.

Definition. Suppose that all the common tangents of two immersed curvesf, g are non-
degenerate, and n+ of them are positive, n− are negative. Then the difference n+ −n−
is called the reduced number of their common tangents and is denoted by t (f, g).

Theorem 14. Let f, g be two immersions of the circle to the plane such that their
images lie inside two complementary semi-planes and all their common tangent lines
are non-degenerate. Then t (f, g) = 4w(f )w(g), where w(f ),w(g) are the writhe
numbers of the immersions f, g.

Proof. Let f : S1
t → R2, g : S1

τ → R2 be the given immersions, where t and τ are the
parameters of the respective circles. Denote by u(t, τ ) the vector going from the point
f (t) to the pointg(τ). Denote also byα(t, τ ),β(t, τ ) the angles betweenu(t, τ ) and the
velocity vectors vf (t) = f ′(t), vg(τ ) = g′(τ ), measured in the direction of the positive
turn, see Figure 24. The angles are of course considered modulo 2π . Then assigning
to the pair (t, τ ) the pair (α(t, τ ), β(t, τ )) defines a map Cfg : S1

t × S1
τ → S1

α × S1
β

between two tori.
We claim that the reduced number t (f, g) of the common tangents is equal to the

degree of this map multiplied by 4, i.e. to the number 4deg(Cfg). The proof of this
claim is given by the following observations.

1. The line passing through points f (t), g(τ ) touches the curves at these points if
and only if the angles α(t, τ ), β(t, τ ) are 0 modulo π , i.e. when the point (t, τ )
belongs to the pre-image of one of the points (0, 0), (0, π), (π, 0), (π, π).



32 1 Elements of homology theory

f (t)

α

β

g(τ)

Figure 24. Assignment to the pair (t, τ ) of the pair (α, β).

2. The points (0, 0), (0, π), (π, 0), (π, π) are regular values of the map Cfg . This
follows from the non-degeneracy of all common tangents, since if some line l
touches the first curve at a point f (t) and the second curve at a point g(τ),
then α′

t (t, τ ) �= 0, β ′
τ (t, τ ) �= 0, while α′

τ (t, τ ) = β ′
t (t, τ ) = 0. Therefore the

determinant α′
t (t, τ )β

′
τ (t, τ ) of the Jacobi matrix is non-zero. Moreover, since

the signs of the derivatives α′
t (t, τ ), β

′
τ (t, τ ) show the directions of the turns of

the tangent vectors, the sign of this determinant coincides with the sign of l.

3. It follows that the differencem+ −m− between the number of positive tangents
and that of negative tangents of type (0, 0) coincides with the degree of the map
deg(Cfg). Similar statements are true for tangents of the types (0, π), (π, 0),
(π, π). Therefore t (f, g) = 4 deg(Cfg).

Notice that when f, g are replaced by curves regular homotopic to them (the in-
termediate curves of the regular homotopy should not intersect), the map Cgf is also
replaced by a homotopic one. Hence its degree, and therefore the reduced number
of tangents t (f, g), are preserved. Hence to complete the proof it suffices to show
that the statement is true for all standard immersions of the circle. This is easy. For
instance, in the case when w(f ) �= 0, w(g) �= 0 the standard immersions can be taken
to be suitable windings around non-intersecting standard circles. Then each of the four
common tangents to these circles gives rise to deg(Cgf ) tangents to the windings. �

1.9 Relative homology

It is possible to assign a certain sequence of homology groups not only to a topological
space but also to a pair of spaces, one of which is a subspace of the other one. The
homology groups of pairs of spaces (relative homology) are closely tied with those of
each of the two individual spaces and hence relate them to each other. The definition
and properties of the relative homology groups do not differ much from those of the
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absolute homology groups. Therefore we restrict our discussion of them to a few brief
comments. It is also useful to keep in mind that the relative homology groups of a
complex (or a space) with respect to the empty set coincide with the absolute ones, i.e.
the groups Hn(K) and Hn(K,∅) are always isomorphic.

Let L be a subcomplex of some complexK . The relative chain group Cn(K,L) of
the pair (K,L) is defined as the free Abelian group freely generated by all simplices
with interiors in K \ L. The operator ∂n : Cn(K,L) → Cn−1(K,L) is defined by the
formula

∂n(σ ) =
∑
δi

εiδi,

where the numbers εi have the same meaning as in the absolute case and the sum is
taken over all those (n − 1)-dimensional simplices δi of K whose interiors do not
intersect L.

It is checked directly that the relative chain groups and the operators ∂n form a
chain complex C(K,L), which is called the relative chain complex of the pair (K,L).
Its homology groups are called the relative homology groups of the pair (K,L). To
provide more details, the group of cycles An(K,L) is by definition the kernel of the
homomorphism ∂n, the group of boundaries Bn(K,L) is the image of ∂n+1, and the
relative homology group Hn(K,L) is the quotient group An(K,L)/Bn(K,L). As in
the absolute case, any simplicial map of pairs f : (K,L) → (K1, L1) (i.e. a simplicial
map f : K → K1 such that f (L) ⊂ L1) induces homomorphisms f∗ : Hn(K,L) →
Hn(K1, L1).

Theorem 15. Suppose that complexes X, Y intersect along a complex Z, which is a
subcomplex in both X and Y . Then the embedding i of the pair (X,Z) to the pair
(X ∪ Y, Y ) induces isomorphisms of the relative homology groups.

Proof. The theorem is evident since the chain complexes of the pairs (X,Z), (X∪Y, Y )
coincide (being constructed over the same set of simplices). �

In order to better understand the notion of relative homology it is recommended to
think over the question, what is the difference between the relative homology groups of
a pair (K,L) and the absolute homology groups of the closure of the differenceK \L?

1.10 The exact homology sequence

The relation between the absolute homology groups of individual spaces and the relative
homology groups of pairs can be described very well using the language of exact
sequences.
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Definition. A sequence of groups and their homomorphisms

· · · −→ An+1
ϕn+1−−−→ An

ϕn−−−→ An−1 −→ · · ·
is called exact if the kernel of each subsequent homomorphism coincides with the
image of the preceding one, i.e. if Ker ϕn = Im ϕn+1 for all n.

This definition implies that any exact sequence of groups infinite in both directions
is a chain complex. All the homology groups of that complex are trivial. The reverse
is also true: any chain complex with trivial homology groups is an exact sequence.
Therefore the homology groups of a chain complex provide a measure of its inexactness
in some sense.

Exercise 39. What can one say about the homomorphism ϕ in the exact sequence

0 −→ A
ϕ−→ B? In the exact sequence A

ϕ−→ B −→ 0? In the exact sequence

0 −→ A
ϕ−→ B −→ 0?

Exercise 40. Prove that if the sequence 0 −→ A −→ B −→ C −→ 0 is exact, then
C = B/A.

Exact sequences of chain complexes and chain maps are defined similarly to those of
groups: it is required that the groups of each dimension and homomorphisms between
them form an exact sequence. In particular, a short sequence

0 −→ C′ i−→ C
p−→ C′′ −→ 0

of chain complexes is exact if and only if for each n the short sequence

0 −→ C′
n

i−→ Cn
p−→ C′′

n −→ 0

of their chain groups is exact.

Examples of short exact sequences of chain complexes are easiest to obtain via
geometric constructions. The definition of the relative chain complex C(K,L) of a
pair (K,L) of simplicial complexes immediately implies that the sequence

0 −→ C(L)
i−→ C(K)

p−→ C(K,L) −→ 0,

with the homomorphism i induced by the embedding of L into K and the homomor-
phism p obtained by forgetting all those simplices of K that are contained in L, is
exact.

Theorem 16. Suppose that chain complexes C, C′, C′′ are related by the short exact
sequence

0 −→ C′ i−→ C
p−→ C′′ −→ 0.
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Then it is possible to define certain homomorphisms δ in such a way that the long
sequence of homology groups

· · · −→ Hn(C
′) i∗−→ Hn(C)

p∗−→ Hn(C
′′) δ−→ Hn−1(C

′) −→ · · ·
is exact.

Proof. To define the desired homomorphisms δ we draw the following commutative
diagram and apply to it the method of diagrammatic search.

...

∂

��

...

∂

��

...

∂

��
0 �� C′

n+1

∂

��

i �� Cn+1

∂

��

p �� C′′
n+1

∂

��

�� 0

0 �� C′
n

∂

��

i �� Cn

∂

��

p �� C′′
n

∂

��

�� 0

0 �� C′
n−1

∂
��

i �� Cn−1

∂
��

p �� C′′
n−1

∂
��

�� 0

...
...

...

In terms of cycles the homomorphism δ is given by the formula δ = i−1∂p−1. This
formula should be understood as follows. Take h ∈ Hn(C

′′). Choose a cycle a ∈
An(C

′′) ⊂ C′′
n representing h. Since the homomorphism p is surjective (notice that

the subsequent term of the exact sequence is 0!), there exists t ∈ p−1(a) ∈ Cn.
The commutativity of our diagram implies that p∂(t) = ∂p(t) = ∂a = 0, therefore
∂t ∈ Ker p = Im i. Thus, there is a well-defined element x = i−1∂(t). Since
i∂(x) = ∂i(x) = ∂2(t) = 0 and i is injective, we have ∂(x) = 0, i.e. x is a cycle and
therefore defines a certain element h̄ ∈ Hn−1(C

′). We set δ(h) = h̄.
The further proof is decomposed into several steps, stated below as a string of

exercises. The exercises can also be solved via the method of diagrammatic search. �

Exercise 41. Prove that the element h̄ does not depend on the choice of t ∈ p−1(a).

Exercise 42. Prove that the element h̄ does not depend on the choice of the cycle a
representing h.

Exercise 43. Prove that the sequence of homology groups thus obtained is exact.
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It should be noticed that the homomorphisms defined in the proof of Theorem 16
are functorial in the following sense. Let ϕ̄ = {ϕ′, ϕ, ϕ′′} be a map

0 �� C′

ϕ′
��

i �� C

ϕ

��

p �� C′′

ϕ′′
��

�� 0

0 �� D′ i′ �� D
p′

�� D′′ �� 0

between two short sequences of chain complexes such that all the squares are commu-
tative. Then ϕ′∗δ = δϕ′′∗ for all n, where the homomorphisms ϕ′′∗ : Hn(C′′) → Hn(D

′′)
and ϕ′∗ : Hn−1(C

′) → Hn−1(D
′) are induced by the homomorphisms ϕ′′, ϕ′. This fact

is also established by means of a diagrammatic search.

Theorem 17. For any pair (K,L) of simplicial complexes the homology groups of
these complexes and the relative homology groups of the pair (K,L) form the long
exact sequence

· · · −→ Hn(L)
i∗−→ Hn(K)

p∗−→ Hn(K,L)
δ−→ Hn−1(L) −→ · · · .

Proof. Since the chain complexes C(L), C(K), C(K,L) form a short exact sequence,
Theorem 17 is an immediate corollary of Theorem 16. �

Exercise 44. Determine all the homology groups of the n-dimensional sphere.

Another corollary of Theorem 16 is the exact Mayer–Vietoris sequence. Let K1,
K2 be subcomplexes of a simplicial complex K such that K = K1 ∪K2.

For m = 1, 2 denote by im, jm the homomorphisms C(K1 ∩ K2) → C(Km) and
C(Km) → C(K) induced by the natural embeddings K1 ∩K2 → Km and Km → K

respectively. Then we can write the short sequence of chain complexes

0 −→ C(K1 ∩K2)
i−→ C(K1)⊕ C(K2)

j−→ C(K1 ∪K2) −→ 0,

where i = i1 ⊕ (−i2) and j = j1 + j2. In other words, i(x) = (i1(x),−i2(x))
for any chain x ∈ Cn(K1 ∩ K2) and j (y1, y2) = j1(y1) + j2(y2) for any chain
(y1, y2) ∈ Cn(K1)⊕ Cn(K2).

Exercise 45. Show that this sequence is exact.

Theorem 18. Let K1,K2 be subcomplexes of a simplicial complex K such that
K = K1 ∪ K2. Then there exist functorial homomorphisms δ : Hn(K1 ∪ K2) →
Hn−1(K1 ∩ K2) such that the homology groups of the complexes L = K1 ∩ K2,
K1,K2, and K form the long exact sequence

· · · −→ Hn(L)
i∗−→ Hn(K1)⊕Hn(K2)

j∗−→ Hn(K)
δ−→ Hn−1(L) −→ · · · .

Proof. The proof follows from Theorem 16. �
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1.11 Axiomatic point of view on homology

An axiomatic description of the notion of homology allows us to establish the equiv-
alence of different homology theories with relative ease. Each homology theory is
a functor H from the category of pairs of polyhedra to the category of sequences of
Abelian groups. The groups assigned to a pair of polyhedra (P,Q) are called the ho-
mology groups of this pair and are denoted by Hn(P,Q). Let us list the axioms which
should be satisfied by any homology functor H .

I. Homotopy axiom. The functor H must be homotopic. This means that homotopic
maps between polyhedra should induce identical homomorphisms of the homology
groups.

II. Long exact sequence of a pair axiom. The functor H must be exact. This
means that for each pair of polyhedra (P,Q) there must be a long exact sequence
corresponding to it, namely the following one:

· · · −→ Hn(Q)
i∗−→ Hn(P )

p∗−→ Hn(P,Q)
δ−→ Hn−1(Q) −→ · · · ,

where the homomorphisms i∗ and p∗ are induced by the embeddings of Q to P and
of the pair (P, φ) to (P,Q), and the homomorphisms δ are functorial with respect to
maps of pairs.

III. Excision axiom. Suppose that polyhedraX, Y intersect along a subpolyhedron Z.
Then the embedding i of the pair (X,Z) to the pair (X∪Y, Y )must induce isomorphisms
of the respective homology groups.

IV. Dimension axiom. The homology groups of the point must be the following ones:

Hn(∗) =
{

0, n �= 0,

Z, n = 0.

Theorem 19. The simplicial homology functor H satisfies axioms I–IV.

Proof. The proof follows from Theorems 8, 17, 15, and 5. �

In order to be able to compare functors, recall the definitions of the natural trans-
formation of functors and of the equivalence of functors. Let F1, F2 be functors from
a category G1 to a category G2. Suppose that to each object A of the category G1 we
have assigned a morphism ϕA from the object F1(A) to the object F2(A) in such a way
that for any morphism f : A → B in G1 there is the equality ϕBF1(f ) = F2(f )ϕA,
i.e. the following diagram is commutative.

F1(A)

ϕA

��

F1(f ) �� F1(B)

ϕB

��
F2(A)

F2(f ) �� F2(B)
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In this case it is said that there is a natural transformation of the functor F1 into the
functor F2. If for any object A in G1 the morphisms ϕA are isomorphisms, then it is
said that the functors are equivalent.

Now we are ready to state the uniqueness theorem.

Theorem 20. Suppose that H is an exact homotopic functor from the category of pairs
of polyhedra to the category of sequences of Abelian groups that satisfies the excision
axiom and the dimension axiom. Suppose that there exists a natural transformation
of the simplicial homology functor H to the functor H such that the morphism ϕ∗
corresponding to the point is an isomorphism. Then these functors are equivalent.
In particular, for any pair (P,Q) of compact polyhedra the groups Hi (P ,Q) are
isomorphic to the respective groups Hi(P,Q).

To ensure a better understanding let us describe, very roughly, a scheme of the proof
of the uniqueness theorem. By the dimension axiom the groups Hn(∗) and Hn(∗)
coincide. A simultaneous consideration of the exact sequences of the pairs (Dn, Sn−1)

and (Sn−1,Dn−1), whereDn is the n-dimensional ball, Sn−1 is the (n−1)-dimensional
sphere (the ball’s boundary), andDn−1 is an (n−1)-dimensional ball inside the sphere,
allows us to prove that the functors H and H coincide on any simplex 	n, on its
boundary ∂	n, and on pairs of form (	n, ∂	n), see the solution of Exercise 44. The
fact that H and H coincide on all simplicial complexes can now be established with
the help of the following statement, which is called the Five-Lemma.

Five-Lemma. Suppose that the commutative diagram

A
i ��

α

��

B
j ��

β

��

C
k ��

γ

��

D
l ��

δ

��

E

ε

��
A′ i′ �� B ′ j ′

�� C′ k′ �� D′ l′ �� E′

of Abelian groups and their homomorphisms is such that its upper and lower rows are
exact sequences and the homomorphisms α, β, δ, ε are isomorphisms. Then γ is also
an isomorphism.

Exercise 46. Prove this statement.

Applying this lemma to the relevant parts of the long exact sequence of a pair
(K,L), where K is a simplicial complex and L is obtained from K by removing the
interior of some simplex 	n of maximal dimension, it is easy to show that H(L) =
H(L) �⇒ H(K) = H(K). It remains to notice that any simplicial complex can be
obtained from the point by successive attachment of new simplices.
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1.12 Digression to the theory of Abelian groups

We start by recalling some necessary material from the theory of finitely generated
Abelian groups. These groups are usually defined by indicating their generators and
relations. Such a definition of anAbelian group has the form 〈a1, . . . , an |R1, . . . , Rm〉
and consists of a list of generators a1, . . . , an and a list of relations R1, . . . , Rm. Each
relation Ri is a formal linear combination of the generators: Ri = ki1a1 + · · ·+ kinan.
If the coefficients in all these sums are written as a matrix, then the relation matrix thus
obtained (which hasm rows and n columns) fully determines the particular presentation
as well as the group. For instance, the presentation 〈a, b, c | 2a + 3b − c, b + 2c,
a + 3b, a + 4b + 2c〉 is determined by its matrix⎛⎜⎜⎝

2 3 −1
0 1 2
1 3 0
1 4 2

⎞⎟⎟⎠ .

In order to give a precise description of the group G defined by some presentation
〈a1, . . . , an | R1, . . . , Rm〉, we proceed as follows. Introduce on the set of all integer
linear combinations of the generators aj , 1 � j � n, an equivalence relation stating
that two combinations are equivalent if one can be obtained from the other by adding or
subtracting the combinations Ri , 1 � i � m. The same combination Ri may be added
or subtracted several times, or it may not be used at all. Then the elements of G are
classes of equivalent combinations. The addition in this group is of course coordinate-
wise. Namely, to get the sum of two equivalence classes (i.e. of two group elements),
we should choose one linear combination from each class, sum up the coefficients at
the coinciding generators, and take the equivalence class containing the resulting linear
combination.

Exercise 47. Prove that the above relation is indeed an equivalence relation, that the
coordinate-wise addition is well defined (i.e. does not depend on the choice of particular
representatives), and that it endows the set of all equivalence classes with the structure
of an Abelian group.

The reader has probably noticed already that we have described nothing other than
the construction of the quotient group of a certain free Abelian group nZ = Z⊕· · ·⊕Z

by its subgroup generated by the elements Ri .

Exercise 48. What happens to the relation matrix when one of the relations is replaced
by its sum with another one? (The group remains unchanged by this operation.)

Exercise 49. What happens to the relation matrix if some pair of its generators a, b is
replaced by the new pair a1 = a + b and b1 = b, with appropriate replacements in all
the relations? (The group remains unchanged by this operation.)
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Exercise 50. What happens to the relation matrix if we change the sign of a relation?
If we replace a generator a by a1 = −a? If we change the order of generators or that
of relations?

The results of these three exercises show that the group remains unchanged under
the following elementary transformations of the matrix: adding one row of the matrix
to another one, permuting the rows, changing the signs of all the entries in a row, and
corresponding transformations of columns.

One can show that any integer matrix A = (aij ), 1 � i � m, 1 � j � n, can
be brought, by an application of the above transformations, to a diagonal form, i.e.
the form in which all the non-zero entries are placed on some starting segment of the
diagonal a11, . . . , akk with k � min(m, n). Let us observe this in an example.

⎛⎜⎜⎝
2 3 −1
0 1 2
1 3 0
1 4 2

⎞⎟⎟⎠ −→

⎛⎜⎜⎝
0 −3 −1
0 1 2
1 3 0
0 1 2

⎞⎟⎟⎠ −→

⎛⎜⎜⎝
1 3 0
0 1 2
0 −3 −1
0 1 2

⎞⎟⎟⎠

−→

⎛⎜⎜⎝
1 3 0
0 1 2
0 0 5
0 0 0

⎞⎟⎟⎠ −→

⎛⎜⎜⎝
1 0 0
0 1 0
0 0 5
0 0 0

⎞⎟⎟⎠
It follows that the group 〈a, b, c | 2a+3b−c, b+2c, a+3b, a+4b+2c〉 is isomorphic
to the group 〈a1, b1, c1 | a1, b1, 5c1〉, i.e. the group Z1 ⊕ Z1 ⊕ Z5 = Z5, since Z1 = 0.

One can also show that any integer matrix can be brought, by elementary trans-
formations, to the canonical diagonal form in which all the diagonal elements are
non-negative and each diagonal element aii is divisible by all the preceding diagonal
elements ajj , j < i. The canonical diagonal form of a matrix does not depend on the
particular sequence of transformations (which is why it is called canonical).

To simplify the calculations it is useful to keep in mind the following easy trick.
Assume that the matrix arising at some step contains a row composed of all zeros and
exactly one unity. Then the group stays the same if we remove from the matrix the
“cross” formed by this row and the column containing the unity entry. Similar removal
can be done also in the case when there is a column all of whose entries but one are
zero and the only non-zero entry is unity.

Exercise 51. Present the group 〈a, b, c | a + b + c, a − b + 3c, 2a − 4c〉 as a direct
sum of cyclic groups.

Exercise 52. Prove that in the case when the relation matrix is a square one, the
absolute value of its determinant is equal either to the order of the group or, if the group
is infinite, to zero.



1.13 Calculation of homology groups 41

1.13 Calculation of homology groups

In this section we describe a method for calculating the homology groups of a free
chain complex C,

· · · −→ Cn+1
∂n+1−−−→ Cn

∂n−−−→ Cn−1 −→ · · · ,
i.e. a complex all of whose chain groups are free and finitely generated. Precisely
complexes of this type are the chain complexes assigned to simplicial ones. We assume
that there is a basis fixed in each chain group and that each boundary homomorphism
∂n : Cn → Cn−1 is given by its matrix An. The matrices An are defined according to
the standard rule: take the i-th base vector of the group Cn, apply to it the relevant
boundary homomorphism, present the resulting element of the group Cn−1 as a linear
combination of its base elements, and write into the ith column the coefficients of
this linear combination. Thus, the matrix An has rn−1 rows and rn columns, where ri
denotes the free rank of the group Ci .

Let us consider what happens to the matrix An when the basis of Cn is subjected
to one of the following elementary transformations:

1. Adding one base element to another one.

2. Replacing a base element by its inverse.

3. Permuting two base elements.

The answer is simple: the matrix is subjected to the analogous transformations of
columns. If an elementary transformation is applied to the basis of the group Cn−1,
then An undergoes a certain transformation of rows. Reversing these observations
yields an easy way of calculating the nth homology group of the complex C. Its
essence is to perform simultaneous transformations of the matrices An+1 and An.

Step 1. Apply to An elementary transformations of rows and columns bringing it
to a diagonal form. During this process, whenever we perform an elementary transfor-
mation of columns ofAn (which is necessarily induced by a change of basis in Cn), we
must at the same time perform the corresponding transformation of rows of the matrix
An+1 (which is induced by the same change of basis in Cn). The correspondence rule
is as follows: if the i-th column of An is added to the j -th one, then the j -th row
of An+1 must be subtracted from the i-th row. Permutation of columns of An or the
change of sign in a column are equivalent to the same respective transformations of
rows of An+1.

Denote by k the rank of An, i.e. the length of its maximal non-zero segment of
the diagonal. Since the boundary homomorphisms ∂n+1, ∂n of the complex C satisfy
the condition ∂n∂n+1 = 0, the product AnAn+1 of their matrices is a zero matrix.
It follows that the first k rows of the (new) matrix An+1 consist of zeros only. See
Figure 25, where the black cells indicate non-zero entries, white cells indicate zero
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entries, and grey cells could mean anything. We have written the complex from right
to left in order to place the matrices of boundary homomorphisms in the order needed
for multiplication according to the usual “row by column” rule.

∂∂
Cn−1 Cn Cn+1

rn−1 rn

rn

An

An+1

rn+1

Figure 25. Since An is diagonal, the first rows of An+1 consist of zeros.

Step 2. We cross out these k rows and bring the matrix A′
n+1 thus obtained to a

diagonal form by elementary transformations of rows and columns. Now the transfor-
mations of rows do not need to be accompanied by transformations of columns of An,
because the columns of An corresponding to the rows of A′

n consist of zeros only. It is
convenient to make all diagonal elements non-negative.

Step 3. Now the answer is written as follows: Hn(C) = Za11 ⊕ · · · ⊕ Zakk ⊕ sZ,
where a11, . . . , akk are the non-zero diagonal elements of A′

n+1 and s is the number of
zero rows in it. Of course, the summands with aii = 1 can be ignored.

Exercise 53. Calculate the homology groups of the chain complex all of whose ho-
mology groups are zero except the groups C0 = 2Z, C1 = 4Z, C2 = 3Z, C3 = Z, and
the boundary homomorphisms ∂1, ∂2, ∂3 are defined as follows: ∂3 maps the whole
group C3 to zero, ∂1 is given by the (2 × 4)-matrix composed of the rows (1 1 1 1) and
(−1 − 1 − 1 − 1), and the matrix of ∂2 is composed of the rows (1 1 1), (1 − 1 − 1),
(−1 − 1 1), and (−1 1 − 1).

The process of calculating the homology groups described above is useful also from
a theoretical point of view. Recall that the elementary chain complex E(m) consists
of zero groups and exactly one Z in dimension m (see Exercise 16). The elementary
chain complex D(m, k), k �= 0, has two non-zero groups: in dimension m and in
dimensionm+ 1. Both groups are isomorphic to Z, and the boundary homomorphism
∂m+1 : Z → Z is the multiplication by k.

Theorem 21. Any chain complex whose chain groups are all free, have finite ranks,
and are trivial in negative dimensions, is isomorphic to a direct sum of elementary
chain complexes of form E(m) and D(m, k).

Proof. The above method is sufficient for bringing matrices Ai of all the boundary
homomorphisms ∂i to a diagonal form. First we transform A1, then A2, etc. The



1.14 Cellular homology 43

transformations are performed by changing bases of the chain groups, i.e. by choosing
different decompositions of these groups into direct sums of Z’s. It remains to notice
that all matrices Ai being diagonal means precisely that the corresponding bases de-
termine a decomposition of the complex into a direct sum of complexes of form E(m)

and D(m, k). �

To better understand the information carried by the homology groups of a given
chain complexC, it is useful to present it as the sum T ⊕H where the chain complex T
is the sum of all the elementary summands of form D(m, k) with k = 1, and H is
the sum of the elementary summands of form E(m) and D(m, k) with k �= 1. All the
homology groups of T are trivial, while the homology groups ofH coincide with those
of C. The most important point is that the complex H is completely determined by
its homology groups. Indeed, to recover H it suffices to present the given homology
groups as the sums of non-zero cyclic groups and to replace each cyclic group by the
corresponding elementary complex of suitable dimension.

Exercise 54. Prove that any sequenceH0, H1, . . . of finitely generated Abelian groups
can be realized as a sequence of the homology groups of some free chain complex.

1.14 Cellular homology

The method of calculating the homology groups described above is quite efficient. At
least, it is easily realizable by a computer program. However, calculations by hand are
rather difficult, since the number of simplices is usually quite large. For instance, the
smallest triangulation of the torus involves 14 triangles. It is however possible to drop
the condition that any two triangles either have no common points or intersect along a
single vertex or a single edge. Then the torus can be decomposed into two triangles.
The above calculation method works for such a singular triangulation as well. But
then, why not make the next step and represent the torus as a square whose opposing
sides are identified, and avoid decomposing the square?

To realize this idea of the most economic decomposition of a polyhedron into simple
pieces we recall the notion of the cell complex. We prefer to give an inductive definition.

Definition.

1. A zero-dimensional cell complex is the union of several points (vertices).

2. A one-dimensional cell complex is obtained from a zero-dimensional one by
gluing of several arcs (one-dimensional cells).

3. A two-dimensional complex is obtained from a one-dimensional complex by
gluing several two-dimensional cells (discs) along some maps of their boundary
curves (see Figure 26).
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Figure 26. A two-dimensional cell complex is obtained from a one-dimensional complex
(a graph) by gluing two-dimensional cells.

4. An n-dimensional cell complex is obtained from an (n− 1)-dimensional one by
gluing several n-dimensional cells (balls of dimension n) along some maps of
their boundary spheres.

If X is a cell complex, then the union of all cells of dimension � k is called its
k-dimensional skeleton and is denoted by X(k). To ensure that a given cell complex is
a polyhedron, we always assume that all its skeleta are triangulated and that the gluing
maps of all its cells are simplicial.

The construction of the cellular homology theory closely resembles that of the
simplicial homology theory. Let X be a cell complex. Orient all its cells and assign
to it the chain complex C(X) obtained as follows. For each n the n-dimensional
chain group Cn(X) is the free Abelian group freely generated (in the natural sense) by
all the n-dimensional cells. Its elements are formal linear combinations of the form
k1a1 +· · ·+ kmam, where a1, . . . , am are all the n-dimensional cells ofX. To describe
the boundary homomorphisms, we need the notion of the incidence coefficient of cells.

Definition. Let a be an (n − 1)-dimensional cell of a cell complex X, and let
ϕ : ∂Dn → X(n−1) be the gluing map of an n-dimensional cell b. It induces the
map ϕ̄ = pϕ : ∂Dn → Sn−1 where p : X(n−1) → Sn−1 is obtained by compressing
the (n− 2)-dimensional skeleton of the (n− 1)-dimensional skeleton of X and all its
cells of dimension n− 1 except a, to a point. Then the incidence coefficient [b : a] of
the cells a and b is equal to the degree of the map ϕ̄.

The incidence coefficient has a simple geometric meaning. It shows how many
times the boundary of the cell b passes along the cell a. To calculate it we should
choose an (n − 1)-dimensional simplex in the cell a and count how many (n − 1)-
dimensional simplices contained in the boundary ofDn are mapped to it preserving the
orientation and how many are mapped reversing it. The incidence coefficient is equal
to the difference of the numbers thus obtained. Notice that it is a natural generalization
of the incidence coefficient for simplices εi (see page 10). Therefore it is not surprising
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that the boundary homomorphisms ∂n : Cn → Cn−1 are given by the similar formulae:

∂n(b) =
∑
ai∈X

[b : ai]ai,

where the sum is taken over all the (n− 1)-dimensional cells of X.
Furthermore, it is easy to show (see [6]) that for any n we have the equality

∂n∂n+1 = 0, i.e. that the boundary homomorphisms ∂n thus introduced turn the se-
quence of groups Cn(X) into a chain complex.

Definition. The homology groups of the chain complex C(X) are called the homology
groups of the cell complex X and are denoted by Hn(X).

Theorem 22. For any polyhedron presented as a cell complex, its cellular homology
groups coincide with the simplicial ones.

Proof. There are two possible approaches to proving this theorem. The first one has
a more conceptual nature but is rather cumbersome. It consists in first stating and
proving a theorem on cellular approximation of maps between cell complexes, then
describing the induced homomorphisms of the homology groups, and finally verifying
that the obtained functor from the category of polyhedra to the category of sequences
of Abelian groups satisfies the axioms I–IV.

The second approach is more straightforward. Let us triangulate the given cell
complex X and assign to each n-dimensional cell the chain composed from all the
n-dimensional simplices contained in this cell. The coefficient at each simplex is
equal to ±1, depending on whether the orientations of the simplex and of the cell are
consistent or not. Then we should verify that the arising maps from the cellular chain
groups to the simplicial ones induce isomorphisms of the homology groups in each
dimension. �

The method of calculating the homology groups of simplicial complexes described
in Section 1.13 works also in the case of cell complexes. For the reader’s convenience
we describe an easy modification of it, which is very well suited for calculating the
first homology group of any cell complex.

Calculating H1 of a cell complex. Let X be a cell complex. The group H1(X) is of
course fully determined by its two-dimensional skeleton X(2), which is obtained from
the one-dimensional skeleton � = X(1) by gluing to it several two-dimensional cells.

Step 1. Choose a maximal tree in the graph �, i.e. a subgraph without cycles which
contains all the vertices of �. Orient the remaining edges and mark them by letters.

The same thing can be done in a slightly different way. Orient the edges of the
graph and cut them one-by-one keeping the graph connected. Each next cut of an edge
is denoted by a new letter. The process stops when no further cut is possible.
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Step 2. Write a matrix whose rows show how many times the boundary curves of
the two-dimensional cells pass along the cut edges (taking into account the direction).
This matrix is a relation matrix for the first homology group.

Step 3. Transform this matrix into a diagonal form and write down the answer as
explained in Section 1.12.

Example. Suppose that a two-dimensional cell complexX is obtained from the graph
shown in Figure 27, left, by gluing five two-dimensional cells whose boundary curves
pass along the edges according to the following pattern: {1 2 3 4 5} (first curve),
{1 1 − 5 8 − 2} (second curve), {2 6 7 5} (third curve), {3 − 6 3 7 8} (fourth curve),
{4 − 7 4 8 6} (fifth curve). One of the possible results of performing the first step is
shown in the middle of the figure. The matrix arising at the second step is shown on
the right. Transforming it to the canonic form (and removing superfluous rows and
columns), we get the matrix

(
2 0
0 6

)
, which yields H1(X) = Z2 ⊕ Z6.

1 1 1 1

11

1

1

1
1

2

2

2

2

_

_
3

4 5

6
7

8

a1

a1

a3

a3

a4
a4

a5

a5

a6

a6

Figure 27. Choosing generators and writing down a relation matrix of the first homology group.

Exercise 55. Calculate the first homology group of the Klein bottle.

Along with simplicial and cellular homologies, one can use homologies of other
types, for instance, singular ones. The difference between the singular homology and
the simplicial and cellular ones is in the method of assignment of a chain complex
to a given space. The homology groups however are the same. The chain complex
in the singular homology theory is generated by singular simplices, i.e. mappings of
the standard simplex to the space. In non-degenerate cases (when the space consists
of an infinite number of points) the set of singular simplices is infinite and often has
cardinality continuum. This situation is resolved by requiring that each chain be a linear
combination of only a finite number of singular simplices. The singular homology
functor satisfies the axioms I–IV, so by Theorem 20 the singular homology groups of
polyhedra coincide with the simplicial ones.

The advantage of singular homology groups is that they are well defined for any
space. Many theorems that are quite complicated in the simplicial theory become very
simple in the singular one. For instance, the theorem on isomorphism of the homology
groups of homeomorphic spaces is trivial in the frame of the singular theory. The
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disadvantages of the singular homology groups are the difficulty of calculating them
and the psychological discomfort of operating with infinitely generated groups.

1.15 Lefschetz fixed point theorem

Let f : K → K be a simplicial map from a simplicial complexK to itself. We assume
that the fixed point set Lf of f is a subcomplex of K . This is easy to achieve, it is
sufficient to replaceK with its first barycentric subdivision. Then all the invariant (i.e.
those mapped to itself) simplices of the new complex are fixed point-wise. It turns
out that the induced homomorphisms f∗ : Hn(K) → Hn(K) of the homology groups
carry essential information about the structure of the set Lf .

Each endomorphism (a homomorphism to itself) ϕ : A → A of a finitely generated
Abelian group induces an endomorphism ϕ′ : Free(A) → Free(A) of the free Abelian
group Free(A) = A/Tor(A), where Tor(A) is the torsion subgroup of A, which con-
sists of all the finite-order elements. The group Free(A) can be interpreted as the free
part of A. Since Free(A) is free, it has a free basis a1, . . . , an. Therefore the endo-
morphism ϕ′ can be given by an integer square matrix M = (mij ) of order n. The
matrix M is composed in the standard way: its columns consist of the coordinates of
the images of the base elements.

Definition. The trace Tr(ϕ) of the endomorphism ϕ is the trace of the matrix M , i.e.
the sum of all its diagonal elements.

It should be stressed that we completely ignore the periodic elements of A when
calculating the trace of an endomorphism. The trace depends only on the behaviour of
the free part.

Exercise 56. Prove that the trace of ϕ is well defined (i.e. does not depend on the
choice of a basis of Free(A)).

Exercise 57. Prove that the trace is additive in the following sense. Let ϕ : A1 ⊕A2 →
A1 ⊕ A2 be an arbitrary endomorphism of the direct sum of two finitely generated
Abelian groups. Then Tr(ϕ) = Tr(ϕ1)+Tr(ϕ2), where for i = 1, 2 the endomorphism
ϕi : Ai → Ai is the composition of the embedding Ai → A1 ⊕A2, the embedding ϕ,
and the projection A1 ⊕ A2 → Ai .

Let C be a finitely generated chain complex, i.e. a chain complex where all chain
groups Cn are finitely generated and the number of non-zero chain groups is finite.
Consider an arbitrary chain endomorphism ϕ : C → C, i.e. a chain map to itself. It
consists of a family of endomorphisms ϕn : Cn → Cn of the chain groups. Of course,
these endomorphisms must commute with the boundary homomorphisms.

Definition. The Lefschetz number λ(ϕ) of the endomorphism ϕ is defined by the
formula λ(ϕ) = ∑∞

−∞(−1)n Tr(ϕn).
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The alternating sum over the dimensions appearing in this definition closely re-
sembles the Euler characteristic χ(K) = ∑∞

−∞(−1)nsn(K) of a finite simplicial
complexK , where sn(K) denotes the number of n-dimensional simplices ofK . As the
statements of the following two exercises show, this resemblance is not by accident.

Exercise 58. Prove that χ(K) is equal to the Lefschetz number of the identity map of
the chain complexC(K) onto itself (recall that the chain groups ofC(K) are generated
by the simplices of K).

Exercise 59. Let f : K → K be a simplicial map of a simplicial complex K such
that on each invariant simplex it is the identity. Prove that the Lefschetz number of the
induced chain map f∗ : C(K) → C(K) coincides with the Euler characteristic of the
fixed point set of f .

Recall that each chain endomorphism ϕ : C → C induces homomorphisms
(ϕ∗)n : Hn(C) → Hn(C) of the homology groups of C.

Definition. The homological Lefschetz number λ(ϕ∗)of the endomorphismϕ is defined
by the formula λ(ϕ∗) = ∑∞

−∞(−1)n Tr((ϕ∗)n).

Despite the superficial resemblance of the formulae, there is a significant difference
between the definition of the Lefschetz number and that of the homological Lefschetz
number: in the latter case, we pass to the level of the homology. Yet, these numbers
always coincide.

Theorem 23. For any chain endomorphism ϕ : C → C the Lefschetz number λ(ϕ)
coincides with the homological Lefschetz number λ(ϕ∗).

Proof. Assume that the complex C is free. Otherwise we could quotient it by the
torsion part and pass to a free complex. Since the torsion does not influence the
Lefschetz number, both numbers are preserved by this operation.

Theorem 21 implies that the complex C can be presented in the form C = ⊕jC(j),
where each C(j) is an elementary complex of type E(m) or of type D(m, k). Since
the trace is additive (see Exercise 57), we have that λ(ϕ) = ∑

j λ(ϕj ), where each

endomorphism ϕj : C(j) → C(j) is the composition of the embedding C(j) → C, the
given endomorphism ϕ : C → C, and the projection C → C(j). The concluding step
of the proof consists in the direct verification of the conclusion of the theorem for any
endomorphism of an elementary chain complex of typeE(m) or of typeD(m, k). �

Exercise 60. Prove that the Euler characteristic χ(K) = ∑∞
−∞(−1)nsn(K) of a finite

simplicial complex K is equal to the alternating sum
∑∞

−∞(−1)nr(Hn(K)), where
r(Hn(K)) denotes the rank of Hn(K).

Let us switch to geometry now. Let f : P → P be an arbitrary map from a
polyhedron P to itself. It induces endomorphisms (f∗)n : Hn(P ) → Hn(P ) of its
homology groups.
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Definition. The Lefschetz number λ(f ) of f is defined by the formula

λ(f ) =
∞∑

−∞
(−1)n Tr((f∗)n).

Of course, if f is simplicial with respect to some triangulation K of the polyhe-
dron P , then the number λ(f ) coincides with the homological Lefschetz number of
the induced map f∗ : C(K) → C(K).

Theorem 24. Let Lf be the fixed point set of a simplicial map f : K → K from a
finite simplicial complex K to itself. Then χ(Lf ) = λ(f ).

Proof. The proof follows from the result of Exercise 59 and from Theorem 23. �

Example. Let r , r ′, r ′′ be three symmetries of the standard two-sphere S2, with respect
to the center, with respect to a diameter axis, and with respect to a diameter plane, see
Figure 28. Their Lefschetz numbers are equal to 0, 2, and 0, respectively (since r
and r ′′ reverse the orientation of the sphere and therefore induce the multiplication
by −1 in the group H2(S

2) = Z). The Euler characteristics of the fixed point sets of
these symmetries (the empty set, two points, a circle) are also equal to 0, 2, and 0, in
complete agreement with the statement of the theorem.

r r ′ r ′′

Figure 28. Three symmetries of the standard sphere.

It would be appropriate to emphasize here a small subtlety regarding the possible
applications of Theorem 24. The point is that in applications the given map f is rarely
simplicial. Of course, it can be approximated by a simplicial one, but this would change
the map, which may significantly alter the structure of the fixed point set. However,
the following Lefschetz theorem works very well even in case of arbitrary maps.

Theorem 25. Let f : P → P be a map from a compact polyhedron P to itself. If
λ(f ) �= 0, then f has at least one fixed point.

Proof. Let ρ be some metric on P . For instance, we could take the usual distance in
the Euclidean space RN containing P . Arguing by contradiction, assume that there are
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no fixed points. Then there exists a number ε > 0 such that for any x ∈ P there is the
inequality ρ(x, f (x)) > ε. This follows from compactness of P .

Choose now a triangulation K of P such that the diameter of each simplex is
less than ε/2. By the simplicial approximation theorem (Theorem 6) there exist a
subdivisionK1 ofK and a simplicial map g : K1 → K such that points f (x) and g(x)
always belong to the same simplex and therefore the distance between them is always
less than ε/2.

Recall that the homology groups ofK1 andK are naturally isomorphic. The natural
isomorphism between them is induced by the chain map α : C(K) → C(K1) defined
by assigning to each oriented simplex σn inK the n-dimensional chain ofK1 composed
of all the coherently oriented n-dimensional simplices ofK1 that constitute σ . See the
discussion of a similar question on page 12.

Now consider the composition αg∗ : C(K1) → C(K1), where the chain map
g∗ : C(K1) → C(K) is induced by g. By Theorem 23 the Lefschetz number of this
composition map is equal to its homological Lefschetz number, which in turn is equal
to λ(f ). Since λ(f ) �= 0 by assumption, at least for one dimension the matrix of the re-
spective endomorphism αg∗ contains a non-zero diagonal element. It follows that there
is at least one simplex δ of the complexK1 that is contained in the simplex g(δ). Choos-
ing an arbitrary point x ∈ δ, we get that ρ(x, g(x)) < ε/2. On the other hand, since
the map g is an ε/2-approximation of f , the inequality ρ(f (x), g(x)) < ε/2 holds for
all points. Together these two inequalities yield the inequality ρ(x, f (x)) < ε, which
contradicts the choice of the number ε. �

Exercise 61. Prove that any map of a ball to itself has a fixed point. Is it true that
any map of a compact acyclic polyhedron to itself always has a fixed point as well?
(A polyhedron is called acyclic if all its homology groups are zero except the group
H0 = Z.)

1.16 Homology with coefficients

LetG be an arbitraryAbelian group. The homology theory with coefficients inG differs
from the integer theory only in the dimension axiom whose statement is obtained by
replacing the group Z by G:

Hn(∗) =
{

0, n �= 0,

G, n = 0.

The construction of the homology theory with coefficients inG does not essentially
differ from the construction of the homology theory with integer coefficients (see Sec-
tion 1.4); therefore we restrict ourselves to a brief recap. LetK be an oriented simplicial
complex. Its n-dimensional chain group Cn(K;G) consists of linear combinations of
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the form g1σ1 + g2σ2 + · · · + gkσk , where the σi are n-dimensional simplices, and
this time the coefficients gi are not integers but rather elements of G. As before, the
addition is coordinate-wise, and with respect to it the set Cn(K;G) is a group.

The value of the boundary homomorphisms ∂n : Cn(K;G) → Cn−1(K;G) on a
simplex multiplied by a coefficient is given by the formula

∂n(gσ) =
∑
δi∈K

εigδi .

The homomorphisms are then extended by additivity. As before, the sum is taken over
all the simplices δi of dimension n − 1, and εi are the incidence coefficients. The
arising sequence of Abelian groups and homomorphisms

· · · −→ Cn+1(K;G) ∂n+1−−−→ Cn(K;G) ∂n−−−→ Cn−1(K;G) −→ · · ·
satisfies the relations ∂n∂n+1 = 0 and therefore is a chain complex. We denote it by
C(K;G). Its homology groups are denoted byHn(K;G) and are called the homology
groups of K with coefficients in G.

The further construction of the homology theory with coefficients in G does not
differ from the case of integer coefficients. In particular, the definitions of induced
homomorphisms and of relative homology groups remain the same. The long exact
sequence of a pair of spaces and the Mayer–Vietoris exact sequence, as well as all
axioms (except the dimension axiom), are also preserved.

Homology theories with coefficients in various Abelian groups can frequently be
more convenient than the integer homology. For instance, in the group Z2 the elements 1
and −1 coincide, so we do not need to keep track of orientations of simplices and
can consider unoriented complexes. In this case many definitions become noticeably
simpler. For instance, a cycle with coefficients in Z2 is a collection of n-dimensional
simplices such that each simplex of dimension n − 1 is adjacent to an even number
of simplices of the collection. If the coefficient group is a field F of characteristic 0
(for example, the rational field or that of real numbers) then there is no torsion and any
homology group has the form F ⊕ · · · ⊕ F, i.e. is completely determined by its rank.

However, the following natural question arises: what is the relation between the
homology groups with coefficients in an arbitrary Abelian group G and those with
coefficients in Z? The answer is given by the so-called Universal Coefficient Theorem.

Theorem 26. For any simplicial complex K and for any n there is the equality
Hn(K;G) = Hn(K)⊗G⊕Hn−1(K) ∗G.

The sign ⊗ denotes the usual tensor product of two groups. It can be defined as
follows. LetA,B be twoAbelian groups. Then the groupA⊗B is defined as theAbelian
group generated by all pairs of form (a, b) with a ∈ A, b ∈ B, considered modulo the
bilinearity relations (a1+a2, b) = (a1, b)+(a2, b) and (a, b1+b2) = (a, b1)+(a, b2).
The tensor product possesses the following properties:
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1. A⊗ B = B ⊗ A;

2. (A1 ⊕ A2)⊗ B = A1 ⊗ B ⊕ A2 ⊗ B;

3. A⊗Zm = A/mA, whereA/mA denotes the quotient group ofA by the subgroup
consisting of the elements of form ma, a ∈ A.

In all three cases the equality sign means the existence of a natural isomorphism.
The last property allows us to calculate easily the tensor product of two cyclic

groups: Zk ⊗ Zm = Z(k,m), where (k,m) is the greatest common divisor of k and m.
In particular, Z ⊗ Zm = Zm. Together with the distributivity (property 2) this suffices
to calculate the tensor product of any two finitely generated Abelian groups.

The appearance of the tensor product in the universal coefficient formula is quite
natural. Indeed, considering chain groups with coefficients inG is equivalent to taking
the tensor product of the integer chain groups with G. In other words, the groups
Cn(K)⊗G andCn(K;G) are naturally isomorphic. Therefore it is not at all surprising
that the groups Hn(K)⊗G contribute to the groups Hn(K;G). Possibly unexpected
“additions”Hn−1(K)∗G appear due to the fact thatGmay contain periodic elements.

The torsion product A ∗ B of Abelian groups is defined in a slightly more com-

plicated way. Let us write an exact sequence 0 → F1
i→ F2 → A → 0, where the

Abelian groups F1, F2 are free. Such a sequence (it is called a short free resolution
of A) always exists. If we take its tensor product with B, then the homomorphism i

stops being injective and the kernel appears. This kernel is called the torsion product
of the groups A and B. Thus, the torsion product is included in the exact sequence

0 → A ∗ B → F1 ⊗ B
i⊗Id−−−→ F0 ⊗ B → A⊗ B → 0. Some of the properties of the

torsion product are similar to those of the tensor product:

1. A ∗ B = B ∗ A;

2. (A1 ⊕ A2) ∗ B = A1 ∗ B ⊕ A2 ∗ B;

3. A ∗ Zm is the subgroup consisting of those elements of A whose multiple by m
is zero.

However, a new property appears as well: the torsion product of two groups A, B
depends only on their torsion subgroups Tor(A),Tor(B). More precisely, the following
relation always holds: A ∗ B = Tor(A) ∗ Tor(B). Therefore the groups Z ∗ Zm and
Zk ∗ Z are always zero. If some cyclic groups Zk,Zm are finite (i.e. if k,m �= 0) then,
as in the case of the tensor product, Zk ∗ Zm = Z(k,m).

Exercise 62. Determine the group (Z2 ⊕ Z6) ∗ (Z ⊗ Z9).

Proof of Theorem 26. Recall that the complex C(K) can be presented as a direct sum
of elementary complexes of type E(m) orD(m, k) (Theorem 21). Therefore the chain
complex C(K;G) = C(K) ⊗ G can be presented as a sum of complexes of type



1.17 Elements of cohomology theory 53

E(m)⊗G and D(m, k)⊗G. When we sum up chain complexes, we should sum up
their homology groups as well. Therefore to prove the theorem it suffices to verify that
the homology groups of the complexes E(m) ⊗ G and D(m, k) ⊗ G are expressed
through the homology groups of E(m) and D(m, k) precisely as indicated by the
universal coefficient formula. �

Exercise 63. Find the homology groups with coefficients in Z2 for the projective
space RP 3.

Exercise 64. Find the first homology groups of the Klein bottle with coefficients in Z,
Z2, Z3, and Q, where Q is the group of rational numbers.

1.17 Elements of cohomology theory

In contrast with homology theory, cohomology theory is a contravariant functor. In
some sense, these two theories are adjoint (or dual) to each other.

Let C be an arbitrary chain complex

· · · −→ Cn+1
∂n+1−−−→ Cn

∂n−−−→ Cn−1 −→ · · · .
For each n we define the cochain group Cn as the group of all homomorphisms of the
chain groupCn to Z. Thus, each n-dimensional cochain is an integer-valued functional
on the n-dimensional chain group. If x ∈ Cn and y ∈ Cn are a cochain and a chain
of the same dimension, then we denote by (x, y) the number equal to the value x(y)
of the cochain x on the chain y. This allows us to define coboundary homomorphisms
δn : Cn−1 → Cn by the rule (δnx, y) = (x, ∂ny), where x ∈ Cn−1 and y ∈ Cn.

It should be noticed here that in the case of a free complex C, each of its chain
groups Cn is isomorphic to the cochain group Cn, since both chains and cochains are
determined by assigning some integers to the free generators of the chain groups. In the
first case these numbers play the rôle of coefficients, in the second, that of the values
of the functional. However, there is no canonic isomorphism.

The equality (δnx, y) = (x, ∂ny) means that the homomorphism δn is dual to the
homomorphism ∂n. It follows that, since ∂n∂n+1 = 0, we also have δn+1δn = 0.
Therefore the group of coboundaries Bn = Im δn is always contained in the group of
cocycles An = Ker δn+1. We see that the cochain complex C∗

· · · −→ Cn−1 δn−−−→ Cn
δn+1−−−→ Cn+1 −→ · · ·

is in fact a chain complex, the difference being only in the numbering of groups and
homomorphisms. The star in the notation of the cochain complex is added in order to
distinguish it from a chain complex and to recall that cochain groups are dual to the



54 1 Elements of homology theory

relevant chain groups, i.e. the former consist of additive functionals on the latter. In
this sense it would be natural to denote coboundary homomorphisms by ∂∗

n , but we
stick to the traditional notation δn.

Definition. The quotient groupAn/Bn = Ker δn+1/ Im δn is called the n-dimensional
cohomology group of the complex C and is denoted by Hn(C).

Calculation of the cohomology groups of free finitely generated chain complexes
is carried out according to the same scheme as that of the homology groups. The only
difference is that the groups of a cochain complex are numbered in the opposite order,
i.e. coboundary homomorphisms increase the dimension. Matrices of coboundary
homomorphisms can be either calculated directly or written down using the property
that, if we choose the dual basis, then the matrices of coboundary homomorphisms are
obtained by transposing those of the boundary homomorphisms of the chain complex.
Then they should be brought to the diagonal form, as described in Section 1.13.

Definition. Let K be a simplicial complex. Then the cohomology groups of the
corresponding chain complex C(K) are called the cohomology groups of K and are
denoted by Hn(K).

As we remarked before, the chain groups and the cochain groups of a simplicial
complex, viewed as abstract groups, are always isomorphic. The essential distinction
between a boundary homomorphism and a coboundary one is that, under the boundary
homomorphism ∂n, the coefficients on the n-dimensional simplices are carried down
(with appropriate signs) to their boundaries, which are then summed up, while under
the coboundary homomorphism δn the values on the (n − 1)-dimensional simplices
are summed up (with signs) to form the values assigned to the n-simplices bounded by
them. See Figure 29

m1

m1 m2

m2 m3

m3

Figure 29. The boundary homomorphisms and the coboundary ones act in different directions.

Each chain map ϕ : C → C′ induces homomorphisms ϕ∗ : Hn(C′) → Hn(C)

between the cohomology groups. Therefore each simplicial map f : K → K ′ between
simplicial complexes also induces homomorphisms f ∗ : Hn(K ′) → Hn(K) of their
cohomology groups. These homomorphisms act in the opposite direction, hence the
cohomology theory is a contravariant functor. Just as in the case of homology, one
can prove that this functor satisfies the suitably modified homotopy axiom, long exact
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sequence of a pair axiom, excision axiom, and dimension axiom. In particular, the long
exact cohomology sequence of a pair (K,L) of simplicial complexes has the form

· · · −→ Hn−1(L)
δ−→ Hn(K,L)

p∗
−→ Hn(K)

i∗−→ Hn(L) −→ · · · .
Obviously, the homology groups and the cohomology groups of a simplicial com-

plex are closely related. In fact, knowing groups of one type we can find groups of
the other type. This is true for any finitely generated free chain complex. Let A be a
finitely generated Abelian group. Recall that Free(A) and Tor(A) denote the free part
A/Tor(A) and the torsion subgroup ofA, respectively. The groupA is always isomor-
phic to the group Free(A)⊕Tor(A). However, there are many different isomorphisms,
all of them equivalent, meaning that there are no reasons for selecting one preferred
(canonic) isomorphism.

Theorem 27. The homology groups and the cohomology groups of any finitely gener-
ated free chain complex C are related by the equalities Free(Hn(C)) = Free(Hn(C))
and Tor(Hn(C)) = Tor(Hn−1(C)). In other words, the cohomology group Hn(C) is
isomorphic to the direct sum Free(Hn(C))⊕ Tor(Hn−1(C)).

Proof. A direct verification shows that the theorem is true for all elementary complexes
E(m) and D(m, k). The validity of the general case of the theorem follows from the
additivity of the homology groups and the cohomology groups with respect to taking
direct sums of chain complexes, and from Theorem 21 stating that each free chain
complex can be presented as a direct sum of elementary complexes. �

Exercise 65. Calculate the cohomology groups of the Klein bottle in two ways, straight
from the definition and using Theorem 27.

It is interesting to note that in serious applications the cohomology groups appear
even more often than the homology ones. What is the advantage of cohomology groups?
One explanation is that the cohomology groups of a smooth orientable manifold M
with coefficients in R reflect the degree of inexactness of the de Rham complex of
differential forms on M . Another explanation refers to algebraic considerations: the
direct sum

∑∞
n=0H

n(K) of all the cohomology groups of an arbitrary complex K
possesses a natural ring structure. To describe it we recall the definition of the tensor
product of chain complexes.

Definition. LetX andY be chain complexes. Their tensor product is the chain complex
C = X ⊗ Y whose chain groups are defined by the equality Cn = ∑

i+j=n Xi ⊗ Yj
and whose boundary homomorphisms are defined by assigning certain values to the
elements a⊗ b ∈ Xi ⊗Yj , i+ j = n, according to the formula ∂n(a⊗ b) = ∂ia⊗ b+
(−1)ia ⊗ ∂jb, which can also be written as ∂(a ⊗ b) = ∂a ⊗ b + (−1)dim aa ⊗ ∂b.

Exercise 66. Check that the boundary homomorphisms thus defined satisfy the re-
quirement ∂n∂n+1 = 0.



56 1 Elements of homology theory

The tensor product of chain complexes has a transparent geometric meaning: it
corresponds to the direct product of simplicial complexes. Let K,L be arbitrary sim-
plicial complexes. We decompose the direct product |K| × |L| into cells of the form
σ1 × σ2, where σ1 ∈ K, σ2 ∈ L are simplices. The cell complex thus obtained is
denoted as K × L. Let C(K × L) be the corresponding chain complex.

Theorem 28. For any simplicial complexes K,L the chain complexes C(K)⊗ C(L)

and C(K × L) are isomorphic. There is a natural isomorphism ϕ : C(K)⊗ C(L) →
C(K×L), which can be given by assigning σ1 ⊗σ2 → σ1 ×σ2, where σ1 ∈ K, σ2 ∈ L
are simplices and σ1 ⊗ σ2, σ1 × σ2 are viewed as elements of chain groups.

Proof. It is easy to check that the homomorphisms of the chain groups defined by the
above assignments commute with the boundary homomorphisms and therefore define
a chain map ϕ from C(K) ⊗ C(L) to C(K × L). This verification also exhibits the
geometric meaning of the factor (−1)dim a in the definition of the boundary of a ⊗ b.
Without this factor we would not get the correct boundary, see Figure 30. It is obvious
that ϕ is surjective, since its image contains all the generators of Cn(K × L). The
injectivity is easily proven by calculating the ranks of n-dimensional chain groups of
the complexes C(K) ⊗ C(L) and C(K × L): both ranks are equal to the number of
n-dimensional cells in K × L. �

b

a

∂a ⊗ b + (−1)dim aa ⊗ ∂b ∂a ⊗ b + a ⊗ ∂b

Figure 30. Without the factor (−1)dim a the orientations of segments of the boundary of the
square are wrong.

The tensor product of chain complexes, just as the tensor product ofAbelian groups,
is symmetric and distributive with respect to taking direct sums, see page 51.

Exercise 67. Prove that for any two chain complexes X, Y the complex (X ⊗ Y )∗ is
naturally isomorphic to the complex X∗ ⊗ Y ∗.

Theorem 29. For any two finitely generated free chain complexes X, Y , assigning to
each pair of cycles a ∈ Xk, b ∈ Ym the chain a⊗ b of dimension k+m of the complex
X ⊗ Y defines embeddings i : ∑

k+m=n Hk(X)⊗Hm(Y ) → Hn(X ⊗ Y ).



1.17 Elements of cohomology theory 57

Proof. A direct verification shows that the theorem is true for the elementary complexes
E(m) and D(m, k). The validity of the theorem in the general case follows from
Theorem 21 stating that any free chain complex can be presented as a direct sum of
elementary ones. �

In fact, there is a more precise result, which goes under the name of the “Künneth
formula” and is proved in the same manner: for any two finitely generated free chain
complexes X, Y the sequence

0 −→
∑

k+m=n
Hk(X)⊗Hm(Y ) i−→ Hn(X⊗Y ) p−→

∑
k+m=n−1

Hk(X)∗Hm(Y ) −→ 0

is exact. The homomorphisms i andp in this sequence are functorial, i.e. they commute
with the homomorphisms of the homology groups induced by the chain maps of the
complexes. Moreover, the sequence splits, i.e. there exists an opposite homomorphism
s : ∑

k+m=n−1Hk(X) ∗ Hm(Y ) → Hn(X ⊗ Y ) such that ps = 1. It follows that the
group Hn(X ⊗ Y ) is isomorphic to the direct sum of the groups

∑
k+m=n Hk(X) ⊗

Hm(Y ) and
∑
k+m=n−1Hk(X) ∗Hm(Y ), but such a decomposition is not functorial.

The following theorem is an analogue of Theorem 29 for cohomology.

Theorem 30. For any two finitely generated chain complexes X, Y , assigning to each
pair of cocycles a ∈ Xk, b ∈ Ym the cochain a⊗b ∈ X⊗Y determines an embedding
i : ∑

k+m=n Hk(X)⊗Hm(Y ) → Hn(X ⊗ Y ).

The proof remains the same, since cochain complexes are essentially chain com-
plexes. The difference consists only in the numbering of the groups, which does not
influence the validity of the theorem. Certainly, just as for homology, the embedding i
is included into the functorial split exact sequence

0 −→
∑

k+m=n
Hk(X)⊗Hm(Y )

i−→ Hn(X⊗ Y )
p−→

∑
k+m=n−1

Hk(X) ∗Hm(Y ) −→ 0,

therefore we have

Hn(X ⊗ Y ) =
∑

k+m=n
Hk(X)⊗Hm(Y )⊕

∑
k+m=n−1

Hk(X) ∗Hm(Y ).

Now we are ready to define the cohomology product. LetK be a simplicial complex
and let	 : |K| → |K|×|K| be the diagonal map given by the formula	(x) = (x, x).
It induces homomorphisms 	∗ : Hn(K ×K) → Hn(K).

Definition. Let h1 ∈ Hk(K), h2 ∈ Hm(K) be two elements of cohomology groups
of a simplicial complexK . Then their �-product (the cup product) h1 � h2 is defined
by the formula h1 � h2 = 	∗i(h1 ⊗ h2).
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In other words, in order to find the product of two elements of cohomology groups
we should consider their tensor product as an element of the relevant cohomology group
of the direct product K ×K and take its image under the homomorphism 	∗ induced
by the diagonal map. However, a direct calculation of the product in cohomology is not
an easy task, even if there are no conceptual difficulties. The problem is that a straight-
forward description of 	∗ requires finding a simplicial (or cellular) approximation of
the diagonal map 	 : K → K ×K . Although there are explicit formulas for such an
approximation, they are quite cumbersome.

1.18 The Poincaré duality

Let M be a closed orientable manifold of dimension n. For simplicity we assume
that M is a combinatorial manifold. This means that M can be triangulated in such
a way that the closed star of any vertex is simplicially isomorphic to a subdivision of
the standard n-dimensional simplex. An equivalent definition: M is a homogenous
polyhedron (this expression is due to S. P. Novikov). This means that any point x ∈ M
can be taken to any other point y ∈ M by a homeomorphismM → M that is simplicial
with respect to some triangulations.

We choose a triangulation K of M and we consider the dual decomposition into
cells. Namely, to each m-dimensional simplex σ of K we assign the dual cell Bσ
of dimension n − m. It is defined as Bσ = ⋂m

i=0 St(vi,K ′), where K ′ is the first
barycentric subdivision of K and the intersection is taken over all the vertices vi of σ .
In particular, to each vertex v of K we assign the n-dimensional ball Bv = St(v,K ′),
to each edge σ with endpoints v, w the (n− 1)-dimensional ball Bσ = Bv ∩ Bw, and
so forth. See Figure 31.

Bv

v

Bσ

σ

Bw

w

Figure 31. The dual cell decomposition of a manifold.
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Theorem 31. For any closed orientable combinatorial manifold M of dimension n
and for any m, the groups Hm(M) and Hn−m(M) are isomorphic.

Proof. Let K be an oriented complex triangulating M . Choose an orientation for M .
Then orient the cells of the dual decomposition in such a way that adding to an orienting
basis of each simplex an orienting basis of the dual cell would produce the chosen
orientation of the whole manifold. Let Cm(K), Cn−m(K) be the chain group and the
cochain group of complementary dimensions.

Assign to each simplex σ , considered as an element of the group Cm(K), the
additive functional that is equal to 1 on the dual cell Bσ and to 0 on all the other
cells. The definition of the dual cell decomposition implies that this assignment de-
termines an isomorphism ϕm between Cm(K) and Cn−m(K). It is easy to check that
such isomorphisms are consistent with the boundary homomorphisms and coboundary
homomorphisms, i.e. that all the diagrams

Cm(K)

∂m

��

ϕm �� Cn−m(K)

δn−m
��

Cm−1(K)
ϕm−1 �� Cn−m+1(K)

are commutative. It follows that the homology groups and the cohomology groups of
complementary dimensions are isomorphic. �

Exercise 68. Prove that if the first homology group of a closed connected three-
dimensional manifold M is trivial, then it is a homology sphere, i.e. that all its ho-
mology groups coincide with the homology groups H0 = H3 = Z, H1 = H2 = 0 of
the standard three-dimensional sphere.

Notice that if the orientation of M is fixed then the isomorphisms ϕm : Cm(K) →
Cn−m and the induced isomorphisms γm : Hm(K) → Hn−m(K) are determined
uniquely. Therefore the �-product in cohomology generates a �-product in homology
via the rule a � b = γ−1

k+m−n(γk(a) � γm(b)), where a ∈ Hk(M), b ∈ Hm(M), and
a � b ∈ Hk+m−n(M).

The �-product too has a geometric interpretation. We limit ourselves to a brief
informal description (more detailed expositions can be found in [3], [6], [9], [11]).
Present a as an oriented simplicial k-dimensional complex A ⊂ M . In other words,
the chain composed of all the k-dimensional simplices of A, taken with coefficients 1,
should be a cycle representing a. Similarly, present b as an oriented simplicial complex
B ⊂ M of dimensionm. ComplexesA and B can be chosen so that they are in general
position. This means that for any two open simplices σp ∈ A, δr ∈ B their intersection
σp ∩ δr must be either empty or a cell of dimension p + r − n. Then A ∩ B is a cell
complex. Orient all its cells according to the following rule: if we add to an orienting
basis of the cell σp ∩ δr (it consists of p + r − n vectors) n − r vectors to form an
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orienting basis of the simplex σp and then add the n−p vectors in the simplex δr , then
the n vectors thus obtained must determine the chosen orientation ofM . See Figure 32.
In this situation one can show that the (p + r − n)-dimensional cells of A ∩ B taken
with coefficients 1 form a cycle that determines the product a � b ∈ Hk+m−n(M).

3

2

1

δr

σp

Figure 32. How to choose the correct orientation of an intersection of simplices: if we add to
the collection 1 of p + r − n vectors the collection 2 of n− r vectors and then the collection 3
of n− p vectors, then we should get an orienting basis for the manifold.

Sometimes this interpretation of the �-product in homology helps to calculate the
�-product in cohomology; we replace cochains with the dual cycles, consider their
intersection, and take the dual cocycle.

Exercise 69. Present the torus T = S1 × S1 as the cell complex with one vertex, two
one-dimensional cellsm = S1 ×{∗}, � = {∗}×S1, and one two-dimensional cell. Let
μ ∈ H 1(T ) be the element that is given by the cocycle that takes value 1 on m and 0
on �. Similarly, let λ ∈ H 1(T ) correspond to the cocycle that takes value 0 onm and 1
on �. Find μ� λ ∈ H 2(T ) = Z.
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Elements of homotopy theory

In this section we give a rather rough account of homotopy groups. The first homotopy
group (it is called fundamental) is closely related with the first homology group, since
the latter is obtained from the former by taking its quotient by the commutator subgroup.
Like the homology groups, the fundamental group is functorial, however, as a general
rule, it carries more detailed information on the space.

2.1 Definition of the fundamental group

Let X be a topological space. Choose an arbitrary point x0, which further on will be
called the base point.

Definition. A loop in a space X with base point x0 is an arbitrary continuous map
f : [0, 1] → X such that f (0) = f (1) = x0.

Definition. Two loops f and g are called homotopic (notation: f ∼ g) if there exists
a continuous map F : [0, 1] × I → X such that F(s, 0) = f (s), F (s, 1) = g(s) for
any s ∈ [0, 1], and F(0, t) = F(1, t) = x0 for any t ∈ I .

In other words, compared to the general definition of homotopic maps (see page 15),
we require that the homotopy be fixed at the base point.

Denoting by ft , 0 � t � 1, the restriction of F to the fibre [0, 1] × t , we get a
continuous family of maps connecting f and g. Thus, two loops are homotopic if one
can be deformed to the other by a continuous deformation.

Exercise 70. Which of the three loops in the annulus S1 × I shown in Figure 33 are
homotopic?

It is easy to show that the relation “homotopic to” of loops is an equivalence relation.
Therefore it decomposes the set of all loops�1(X, x0) into classes of homotopic loops.
The set of all such classes is denoted by π1(X, x0). It forms the set of elements of the
fundamental group.

Let us re-iterate: the fundamental group as a set coincides with the set of classes of
homotopic loops. In other words, each element of the fundamental group is given by
a loop, while two loops determine the same element of the fundamental group if and
only if they are homotopic.
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1

2

3

Figure 33. Two of the shown loops are homotopic to each other, but not to the third one.

We now introduce on the set π1(X, x0) a binary operation, i.e. a rule that assigns
to every two elements α, β of π1(X, x0) a third element αβ. In order to do that we
choose loops f, g : [0, 1] → X representing the elements α, β and consider the loop
h : [0, 1] → X defined by the formula

h(s) =
{
f (2s), 0 � s � 1/2,

g(2s − 1), 1/2 � s � 1.

The element αβ is defined as the class containing the loop h.
The meaning of this formula is very simple: the loop h is obtained from f and g by

going first (with double velocity) along f and then along g. The velocity is increased
to ensure that the loop is defined on the segment [0, 1] rather than on the segment [0, 2].
Exercise 71. Prove that the operation is well defined, i.e. that the element αβ does not
depend on the choice of loops f, g representing α and β.

Our main goal now is to prove that the set π1(X, x0) forms a group with respect to
the operation just introduced. The proof of associativity of the operation (the latter is
called multiplication) consists in proving that the loops symbolically shown in Figure 34
are homotopic.

The upper segment represents the loop k1 = (fg)h defined by the formula

k1(s) =

⎧⎪⎨⎪⎩
f (4s), 0 � s � 1/4,

g(4s − 1), 1/4 � s � 1/2,

h(2s − 1), 1/2 � s � 1.

The lower segment represents the loop k2 = f (gh).

Exercise 72. Prove that the loops k1 and k2 are homotopic (write down a formula for
the homotopy).
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Figure 34. The loops (fg)h and f (gh) only differ in their parametrization.

In order to prove the existence of the identity element we should describe it and
prove that it is indeed the identity.

Exercise 73. Show that the constant loop (which maps the whole segment to the base
point) defines the identity element in the set π1(X, x0) with respect to multiplication.

The element inverse to a given one is obtained by taking a loop representing that
element and going around it in the reverse direction.

Exercise 74. Prove that going around a loop in two opposing directions defines ele-
ments of π1(X, x0) inverse to each other with respect to multiplication.

Thus, the set π1(X, x0) does form a group with respect to the defined operation.

Definition. The group π1(X, x0) is called the fundamental group of the given spaceX
with base point x0.

2.2 Independence of the choice of the base point

Definition. A topological spaceX is called pathwise connected if any two of its points
can be joined by a continuous path. This means that for any two points x1, x2 ∈ X

there must be a continuous map s : [0, 1] → X such that s(0) = x1 and s(1) = x2.

Theorem 32. If a space X is pathwise connected, then for any two points x1, x2 ∈ X
the groups π1(X, x1) and π1(X, x2) are isomorphic.

To prove this we choose a path s that joins x1 to x2 and define a mapϕ : π1(X, x1) →
π1(X, x2) as follows: ϕ(α) = [s−1α̃s], where α̃ is a loop representing the element α
and [g] denotes the class containing the loop g. The inverse map ψ : π1(X, x2) →
π1(X, x1) is defined in a similar way: ψ(β) = [sβ̃s−1].
Exercise 75. Prove that the maps ϕ and ψ are well defined, i.e. do not depend on the
choice of loops representing given elements of the fundamental groups.
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Exercise 76. Prove that the maps ϕ and ψ are mutually inverse isomorphisms.

The results of these exercises show that the groups π1(X, x1) and π1(X, x2) are
isomorphic. Therefore we sometimes denote the fundamental group of a pathwise
connected space X as π1(X), without specifying a base point. For a space that is not
pathwise connected the fundamental group, generally speaking, does depend on the
choice of the component in which the base point is placed.

Suppose that we have a continuous map f : X → Y between two spaces that
preserves the base points (i.e. takes the base point x0 of the spaceX to the base point y0
of the space Y ). Define the induced map f∗ : π1(X, x0) → π1(Y, y0) in the following
way: f∗(α) = [f α̃] (recall that α̃ denotes any loop representing α and [f α̃] is the
element of the fundamental group defined by the loop f α̃). One can think of this as
follows: to each loop in X we assign the loop in Y that is the image of the first loop
under the map f .

It is easy to check that the map f∗ is well defined (i.e. that f∗(α) does not depend
on the choice of the representing loop α̃) and that the following properties hold:

1. The map f∗ is a homomorphism (this homomorphism is called the induced ho-
momorphism).

2. The identity map induces the identity homomorphism of the groups.

3. A composition of maps between spaces induces the composition of the induced
homomorphisms of the respective groups.

Having these properties means that assigning to each space with a marked base
point its fundamental group is a functor from the category of pointed (i.e. endowed
with a marked base point) topological spaces to the category of groups.

Let us give several examples. It is easy to see that the fundamental group of the
space that consists of a single point is trivial. Let us prove that the fundamental group
of the segment [0, 1] is also trivial. Indeed, if f : [0, 1] → [0, 1] is a loop, then the
formula F(x, t) = t + (1 − t)f (x) defines a homotopy between this loop and the
constant loop (we assume that the base point is 1). This means that π1([0, 1]) consists
of just one element.

Exercise 77. Prove that the fundamental group of any convex subset of a Euclidean
space is trivial.

Next we show that the fundamental group of the circle is isomorphic to the group of
integers Z. Let S1 be the unit circle on the plane with the center at the origin. Choose
(1, 0) as the base point. Let f : [0, 1] → S1 be a loop. When the parameter t runs
from 0 to 1, the point f (t) travels along the circle and at the final moment t = 1
returns to the base point. Therefore the total number of times it winds around the circle
is an integer. It is not difficult to see that this number is unchanged by deformations
(homotopies) of the loop. Indeed, under a continuous deformation of the loop the
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number of windings should be changing continuously as well, and since it is always
an integer, it must remain constant.

Exercise 78. Prove that assigning to each loop the number of times it winds around
the circle determines an isomorphism between π1(S

1) and Z.

2.3 Presentations of groups

In order to learn how to calculate the fundamental groups of more complicated spaces,
we need to learn how to present groups. One of the most common and efficient ways
of describing a group is to present it by means of generators and relations.

Let A be an arbitrary finite set. We call it an alphabet and its elements letters. A
word in the alphabetA is an arbitrary finite sequence of symbols of form a, a−1, where
a ∈ A. The length of a word is the number of letters involved in it. Here are a few
examples of words in an alphabet with two letters: a, b, aa−1ba, ababbab−1. The
lengths of these words are 1, 1, 4, and 7.

Exercise 79. How many different words of length 2 can one write using an alphabet
with two letters?

It is convenient to use the following conventions: the symbol an, where n is a
natural number, denotes the word aa . . . a︸ ︷︷ ︸

n

, the symbol a−n is a short representation of

the word a−1a−1 . . . a−1︸ ︷︷ ︸
n

, and the symbol 1 denotes the empty word.

Let R1, R2, . . . , Rn be some words in an alphabet A that consists of letters
a1, a2, . . . , am. We describe a construction that to the given data (the letters ai , which
are called generators, and the words Rj , which are called defining relations) assigns a
certain group G denoted as

〈a1, a2, . . . , am | R1, R2, . . . , Rn〉.
First we introduce on the setW of all words in the alphabet A the following equiv-

alence relation: a word w1 is equivalent to a word w2 if one can pass from w1 to w2
by a finite sequence of moves of the form I, I′ and II:

I. Insert or delete a pair of form aia
−1
i .

I′. Insert or delete a pair of form a−1
i ai .

II. Find and delete a subword Rj , or insert such a subword.

Exercise 80. Prove that this is indeed an equivalence relation.
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Relations are sometimes written not in the form of words but as equalities of type
R = 1 or even of type R = Q, where R, Q are some words in the generators. In
the second case move II consists in finding a sub-word R and replacing it by the sub-
word Q (or vice versa). Of course, the relation R = Q basically coincides with the
relation RQ−1 = 1.

Exercise 81. Let A = {a, b}, and let the set of relations consist of two relations,
abab−1 = 1 and b2a−2 = 1. Prove that the word a4 is equivalent to the empty word 1.

Next we introduce on the set W/∼ of the equivalence classes an operation of
multiplication, setting αβ = [̃αβ̃]. Here α̃ denotes a word representing the class α,
and [̃αβ̃] denotes the class containing the word α̃β̃. In other words, to multiply two
classes we should choose a representative for each one of them, append the word
representing the second class to the one representing the first class from the right, and
take the class containing the resulting word.

The correctness of the above definition (i.e., its independence on the choice of
representing words) is proven in the usual way.

Exercise 82. Prove that the setG=W/∼ is a group with respect to the above operation.

Taking some liberty, we can think ofG as consisting of all words in the alphabetA,
with two words defining the same element if and only if they are equivalent.

Exercise 83. Prove that G remains unchanged if one of the relations Ri is replaced
by its conjugate, i.e. by a relation of the form wRiw

−1, where w is some word in the
alphabet A.

Letw be some word in the alphabet A. We say that the relationw = 1 is deducible
from relations Ri , 1 � i � n, if w determines the identity element of the group
〈a1, . . . , am |R1, . . . , Rn〉. We remark that an actual process of deducing a new relation
from given ones requires some ingenuity and luck. There is no general algorithm.

Exercise 84. Prove that the relation z6 = 1 is deducible in the group

〈x, z | xz2xz−1, zx2zx−1〉.
Exercise 85. Prove that the group remains unchanged by the following operations
applied to its presentation:

I. Adding a new relation, deducible from the given relations of the group.

I′. Removing a relation that is deducible from the remaining ones.

II. Adding a new generator a and a new relation of form a = w, where the word w
does not contain the generator a.

II′. Removing a generator a and a relation a = w provided that a occurs neither in
w nor in any other relations.
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It is easy to prove that if the presentations 〈a1, . . . , am |R1, . . . , Rn〉 and 〈b1, . . . , bk|
Q1, . . . ,Ql〉 define isomorphic groups, then one can pass from one of them to the other
by a sequence of moves I, I′, II, II′. However, determining a specific sequence of moves
can be very difficult. Moreover, it has been proven that there is no general algorithm
to tell whether two given groups are isomorphic.

We give two examples of recognizing a group given by generators and relations.
To recognize a group means for us to show that it is isomorphic to one of the known
groups. Recall again that sometimes relations are written in the form w1 = w2 rather
than in the form w1w2

−1 = 1. For instance, the relation xz2xz−1 = 1 can be written
as xz2x = z and the two relations a2(ab)−3 = 1 and a2b−3 = 1, as a2 = (ab)3 = b3.

Example. Identify the group

〈a, b, c, d, e | d = e2, bda = 1, ab−1c = 1, ac−1b−1 = 1, de = c〉.
Solution. We use the first relation d = e2 to remove the generator d . We get the
presentation

〈a, b, c, e | be2a = 1, ab−1c = 1, ac−1b−1 = 1, e3 = c〉.
Using the last relation c = e3, we remove c:

〈a, b, e | be2a = 1, ab−1e3 = 1, ae−3b−1 = 1〉.
Using the relation b = e3a, which is equivalent to ab−1e3 = 1, we remove b:

〈a, e | e3ae2a = 1, ae−3a−1e−3 = 1〉, or 〈a, e | e3ae2a = 1, e3ae3 = a〉.
Rewriting the first relation as e3ae3e−1a = 1 and replacing e3ae3 by a, we get the
presentation

〈a, e | ae−1a = 1, e3ae3 = a〉, or 〈a, e | e = a2, e3ae3 = a〉.
Finally, removing e with the help of the first relation, we get the presentation
〈a | a6aa6 = a〉, i.e. 〈a | a12 = 1〉. This is the cyclic group of order 12.

Example. Identify the group G = 〈a, b | a3 = b2 = 1, a2b = ba〉.
Solution. We take an arbitrary word w = aα1bβ1 . . . aαnbβn in the alphabet a, b and
try to simplify it using the given relations. The first two relations allow us to make all
the βi equal to 1 and all the αi equal to 1 or 2. The third relation allows us to move
all the occurences of b to the end of the word w. This of course changes the powers
at the letters a. Thus, w is equivalent to a word aαbβ , where α can take value 0, 1,
or 2, and β can take value 0 or 1. Thus, the group contains at most six elements. The
only non-Abelian group with six elements is the symmetric group S3, which consists
of permutations of numbers 1, 2, 3 and where the product of two permutations is
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obtained by applying the second permutation and then the first one. It is easy to check
that assigning to a the permutation (231) and to b the permutation (213) preserves
the relations a3 = b2 = 1, a2b = ba, i.e. these equalities are transformed into
correct equalities in S3. Therefore this assignment can be extended to a homomorphism
ϕ : G → S3. This homomorphism is surjective, since the permutations (231) and (213)
generate S3. The injectivity follows from the surjectivity and the fact that S3 contains
exactly six elements, while G contains at most six. Thus, G is isomorphic S3.

Exercise 86. Prove that the groupG = 〈x, y | xy2x = y, yx2y = x〉 is isomorphic to
the binary tetrahedral group 〈a, b | a2 = (ab)3 = b3, a4 = 1〉.

Adding to the relations of an arbitrary presentation the commutativity relations
yields a new group, which isAbelian. This operation is called taking theAbelianization.
The Abelianizations of isomorphic groups are isomorphic, while the reverse is not true.

Exercise 87. Prove that the groups

〈a, b | a2b3a−1b = 1, abab2 = 1〉
and

〈x, y | x−1y3xy = 1, x5yx−2y−3 = 1〉
are distinct.

2.4 Calculation of fundamental groups

To calculate a fundamental group means to write down a presentation of it. The van
Kampen theorem allows us to calculate the fundamental group of the union of two
spaces X ∪ Y , when the fundamental groups of the spaces X, Y , and Z = X ∩ Y are
known.

Theorem 33. Suppose that linearly connected cell complexes X, Y intersect along
their common connected subcomplex Z = X ∩ Y . Then a presentation of the group
π1(X ∪ Y ) can be obtained as follows:

1. Write down some generators of π1(X) and π1(Y ).

2. Write down relations for π1(X) and π1(Y ).

3. Write down one more series of relations, one for each generator c of the group
π1(Z). This relation has the form ϕ1(c) = ϕ2(c), where ϕ1(c) is an expression
of c in the generators of π1(X) and ϕ2(c) is its expression in the generators of
π1(Y ).

A proof of the van Kampen theorem can be found, for instance, in [6].
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Exercise 88. Calculate the fundamental group of the figure-eight (the wedge of two
circles).

Exercise 89. Calculate the fundamental group of the projective plane.

As an application of the van Kampen theorem we prove that the trefoil knot cannot
be untied, a fact that is probably known to everyone from manipulating his or her own
shoelaces.

Theorem 34. The closure of the complement in S3 of the standard solid torus is again
homeomorphic to the solid torus.

The idea of the proof is shown in Figure 35. Rotating the disc D along the axis l
yields a solid torusV1. The closureV2 of its complement consists of discs parameterized
by points of l (which, together with ∞, form a circle). Moreover, each point of l is
intersected by exactly one such disc, the one obtained by rotating the “solenoid” arc
around l. Therefore V2 is also a solid torus. Notice that the meridian of the interior
torus coincides with the parallel of the exterior one, and vice versa.

D

l

Figure 35. Decomposition of S3 into two solid tori.

Theorem 35. The trefoil knot (see Figure 36) cannot be untied (in rigorous terms,
there is no isotopy of R3 that would take the trefoilK to the standard circle S1 ⊂ R3).

Proof. Recall that the complement CK of an arbitrary knot K ⊂ S3 is defined as
CK = S3 \ IntN(K): we first replaceK with its tubular neighbourhoodN(K), which
is a knotted solid torus, and then remove its interior. The difference from its complement
in the general sense, S3 \K , is that CK is a compact space (which is convenient). IfK
is trivial, then the fundamental group of the complement (which is homeomorphic to
the solid torus) is the infinite cyclic group. Therefore it is Abelian. Thus, to prove that
the trefoil is non-trivial it is sufficient to find the fundamental group of its complement
and to prove that it is not Abelian.

Let K be the trefoil. We place it on the common boundary T = V1 ∩ V2 of the
solid tori V1, V2 ⊂ S3, as it is shown in Figure 36. Then V ′

i = Vi ∩ CK , i = 1, 2,
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Figure 36. The trefoil and its position on the boundary of the standard solid torus.

are also solid tori that are obtained from V1, V2 by cutting out small tunnels along K .
They intersect along the annulus A = T ∩ CK and together yield CK .

To calculate π1(CK) we apply the van Kampen theorem.

1. The groups π1(V
′
1) and π1(V

′
2) are infinite cyclic groups, whose generators vi ∈

π1(V
′
i ), i = 1, 2, can be chosen to be elements given by the core circles of the

solid tori. Hence v1, v2 generate the group π1(CK).

2. The groupπ1(A) is also infinite cyclic and is generated by any element a ∈ π1(A)

corresponding to the core circle of the annulus A.

3. Since the trefoil goes twice around the longitude of the torus T and thrice around
its meridian (and the same is true for the core circle of A), we have l = v2

1
and l = v3

2. Hence the only relation between the generators v1, v2 has the form
v2

1 = v3
2 and π1(CK) = 〈v1, v2 | v2

1 = v3
2〉.

The presentation of π1(CK) just obtained allows us to conclude that it is non-
Abelian. For this it suffices to see that the permutation group S3 = 〈a, b | a3 =
b2 = 1, a2b = ba〉 of degree 3 (see the example on page 67) is its epimorphic image.
The desired epimorphism can be given by the rule v1 → a, v2 → b. �

Example. Suppose that the intersection Z = X ∩ Y of two connected cell complexes
consists of exactly one point. In this case we say that the complex X ∪ Y is the wedge
of complexes X, Y . Then the group π1(X ∪ Y ) has presentation

π1(X ∪ Y ) = 〈a1, . . . , am, b1, . . . , bp | R1, . . . , Rn,Q1, . . . ,Qq〉,
where 〈a1, . . . , am | R1, . . . , Rn〉 and 〈b1, . . . , bp | Q1, . . . ,Qq〉 are presentations of
π1(X) and π1(Y ) respectively. This means that the group π1(X∪Y ) is the free product
of π1(X) and π1(Y ).

In particular, if in the above example the complex Y is a circle, then a presentation
of π1(X ∪ Y ) can be obtained from some presentation of π1(X) by adding one new
generator. The relations remain the same.
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Example. Suppose that a cell complexX1 is obtained from a connected cell complexX
by gluing to it one two-dimensional cell along some map of its boundary curve. Then a
presentation of π1(X1) can be obtained from a presentation of π1(X) by adding exactly
one relation that shows how the boundary curve of the added cell is expressed through
the generators of π1(X).

These two examples bring us to a simple method of finding a presentation of the
fundamental group of an arbitrary cell complex. This method is rather close to the
method of calculating the first homology group described on page 45.

Calculating the fundamental group of a cell complex. Let X be a connected cell
complex. Its fundamental group π1(X) is fully determined by its two-dimensional
skeleton X(2), which is obtained from the one-dimensional skeleton � = X(1) by
gluing to it several two-dimensional cells.

Step 1. Choose a maximal tree in �, i.e. a subgraph of � which does not contain
cycles and which passes through all the vertices of �. Orient the remaining edges and
label them by letters. These letters are the generators of π1(X) in our presentation.

Step 2. For each two-dimensional cell we write a word that shows how the boundary
circle of this cell passes along the labelled edges. These words form a set of relations
of π1(X).

Example. Suppose that a cell complex K is obtained from the graph shown in Fig-
ure 37 by gluing two cells of dimension 2 along the maps of the circle indicated there.
Application of the algorithm shows that

π(K) = 〈a, b, c | ab−1, cb−1〉 = Z.

a
c b

Figure 37. A simple example of calculating the fundamental group.

Exercise 90. Present the Klein bottle as a cell complex and find its fundamental group.

Exercise 91. Find the fundamental group of the handlebody of genus 2.

Exercise 92. Prove that for any group G with finitely many generators and relations
there is a space X whose fundamental group is G.
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The resemblance between the methods of calculating the first homology group and
the fundamental group is not accidental. It is easy to show that the first homology
group is isomorphic to the Abelianization of the fundamental group. Indeed, when
computing the first homology group we follow essentially the same procedure but
ignore the order in which the boundary curves pass along edges. This amounts to
taking the Abelianization.

2.5 Wirtinger’s presentation

The above method of calculating the fundamental group of the complement of the
trefoil works also for other torus knots (i.e. knots that can be placed on the boundary of
the standard solid torus in S3). In this section we describe another method, which can
be applied to any knot. The presentations obtained with its help are called Wirtinger
presentations.

Consider a knotK given by its projection to R2, which, as customary in knot theory,
is disconnected in the double points to indicate which portion of the diagram passes
above the other one. Such a disconnected projection is called a knot diagram. From
the topological point of view it is a collection of disjoint arcs. We orient these arcs in
such a way that together they form one of the two possible orientations of the knot, and
we denote them by letters. These letters are the generators in Wirtinger’s presentation.
Then for each double point we write the relation xyx−1 = z, where x denotes the arc
going above, y, the arc meeting it from the right, and z, the arc meeting it from the left.
See Figure 38, left. The orientations of y and z do not play any rôle here. The obtained
presentation is called a Wirtinger presentation.

Example. The Wirtinger presentation written for the standard diagram of the trefoil
(see Figure 38, right) has the form 〈a, b, c | aba−1 = c, bcb−1 = a, cac−1 = b〉. Let
us show that it determines the fundamental group of the trefoil complement that was

z

x

y

xyx−1 = z
c

b

a

Figure 38. Wirtinger’s presentation.

obtained in the proof of Theorem 35. Each of the three relations in this presentation
can be deduced from the other two. Therefore one relation can be discarded. This
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is a general fact, which holds for all Wirtinger presentations. We discard the third
relation and use the second one to express the generator c through a and b. We get the
presentation 〈a, b | baba−1b−1 = a〉, which is equivalent to 〈a, b | aba = bab〉. We
now use the replacement v1 = aba, v2 = ab to transform the latter presentation to the
presentation 〈v1, v2 | v2

1 = v3
2〉 obtained in the proof of Theorem 35.

Thus theWirtinger presentation written for the trefoil’s standard diagram determines
the fundamental group of the trefoil complement. This turns out to be a general fact.

Theorem 36. For any diagram of a knot K the Wirtinger presentation corresponding
to that diagram defines the fundamental group of its complement.

Proof. Denote by K ′ the knot whose diagram is obtained from the given diagram
of K by changing the types of all double points, see Figure 39 (middle). Then K ′
is obtained from K by the mirror reflection along the plane. Since the fundamental
groups π1(CK), π1(CK ′) of their complements are isomorphic, it is sufficient to show
that the Wirtinger presentation written according to the given diagram ofK defines the
group π1(CK ′).

Let us draw the given diagram ofK on a sphere S (the boundary of a ball B3 ⊂ S3)
and glue to B3 strips (tunnels) along the arcs of the diagram, one strip for each arc.
Each strip is in fact a rectangle glued to the ball along a pair of opposite sides, therefore
the gluing results in adding a new generator to the fundamental group. Thus, the
fundamental group of the ball with the attached strips is free, with free generators
corresponding to the arcs of the diagram.

Now we glue a two-dimensional cell in the neighbourhood of each double point,
as is shown in Figure 39, right: the cell joins the exits of two tunnels and passes twice

K

K ′

z

x

y

P

Figure 39. Gluing strips and cells to a ball models both the space CK ′ and the relevant Wirtinger
presentation of π1(CK).

along the roof of the third tunnel. Adding such a cell yields the relation xyx−1z−1 = 1,
which essentially coincides with a Wirtinger relation xyx−1 = z. As a result, we get a
polyhedron P that possesses two properties:

1. The group π1(P ) admits a presentation that coincides with the Wirtinger presen-
tation corresponding to the given projection of K .
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2. The groups π1(P ) and π1(CK ′) are isomorphic.

The first property is true by construction, the second one easily follows from the
fact that the complement of P in S3 consists of the tubular neighbourhood of K ′ and
two open three-dimensional balls. Since π1(CK) = π1(CK ′), the Wirtinger presenta-
tion assigned to the given diagram of K indeed defines the fundamental group of its
complement. �

2.6 The higher homotopy groups

The higher homotopy groups πn(X, x0) are defined in the same manner as the funda-
mental group. The difference is that instead of loops we consider spheroids.

Definition. A spheroid of dimension n in a space X with base point x0 is a continuous
map f : In → X such that f (∂In) = x0.

We have called a map from the cube a spheroid, because the boundary of the cube
is mapped to a point and therefore the map filters through a map to the sphere. See
Figure 40.

In

Sn

f

x0 X

Figure 40. A spheroid in X can be viewed as a map from the sphere.

As in the case of loops, a homotopy between spheroids should be fixed, i.e. the
boundary of the cube should always be mapped to the base point. We introduce on the
set πn(X, x0) of classes of homotopic spheroids a binary operation (certainly, using
representatives). As will be seen below, for n > 1 this operation is commutative.
Therefore it is called addition.

Let f1, f2 : In → X be two spheroids representing two given elements α1, α2 ∈
πn(X, x0). Choose inside the cube In two copies In1 , In2 of the standard cube In that
are obtained by homothethies h1 : In → In1 , h2 : In → In2 . The cubes In1 , I

n
2 should

not have common points. Then a spheroid g : In → X representing the sum α1 + α2
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can be defined as follows (see Figure 41):

g(x) =

⎧⎪⎨⎪⎩
f1h

−1
1 (x), if x ∈ In1 ,

f2h
−1
2 (x), if x ∈ In2 ,

x0, if x �∈ In1 ∪ In2 .

In

In1

In2

f1

f2
x0 X

Figure 41. When the spheroids are summed up, the shadowed region is mapped to the base point.

A homotopy between spheroids f +g and g+f that proves that the above operation
is commutative is shown in Figure 42. At any moment of this homotopy the image
of the sum of spheroids remains the same, however the map of the cube In in X
is continuously deformed. This happens because the smaller cubes In1 , I

n
2 exchange

places inside In without touching each other.

f

f

f

g

g

g

Figure 42. Addition of spheroids is commutative.

Exercise 93. Prove that the set πn(X, x0) forms a group with respect to the above
operation.

Calculating the higher homotopy groups, despite their being Abelian, is a very
difficult task. There is no general way of selecting generators. Moreover, the homotopy
groups of compact polyhedra are often infinitely generated. One possible explanation
of this phenomenon is that the fundamental group π1(X, x0) acts on all the higher
homotopy groups πn(X, x0). This means that the groups πn(X, x0) are modules over
π1(X, x0).

The simplest way to describe the action of the fundamental group is the following.
First we compress a half of the sphere Sn to a segment and map the result onto the
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wedge of another sphere and a segment. Then we map this wedge toX, as it is specified
by the given elements α ∈ π1(X, x0) and β ∈ πn(X, x0). The obtained map from Sn

to X determines the result α(β) of the action of the element α on the element β, see
Figure 43.

x0
X

Figure 43. The action of the fundamental group on πn(X).

Exercise 94. Prove that for any element α ∈ π1(X, x0) the left shift τα : πn(X, x0) →
πn(X, x0) is an isomorphism.

If in the above construction instead of the loop we take an arbitrary path joining
the base point x0 with another point x1 ∈ X, then we get an isomorphism from the
group πn(X, x0) to the group πn(X, x1). Therefore for a pathwise connected space X
the group πn(X, x0) does not depend on the choice of the base point, and we can write
simply πn(X).

One of the few cases when it is easy to find a homotopy group is given by the
Hurewicz theorem. Since Hn(In, ∂In) = Hn(S

n) = Z, to any spheroid f : In → X

we can assign the element αf = f∗(1) of Hn(X).

Exercise 95. Prove that the assignment f �→ αf determines a homomorphism from
πn(X) to Hn(X) (this homomorphism is called the Hurewicz homomorphism).

Theorem 37. Suppose that a simply-connected polyhedron X is such that for all k,
1 � k < n, the groupsHk(X) are trivial. Then the Hurewicz homomorphismπn(X) →
Hn(X) is an isomorphism.

The proof can be found in [11], [4], [10].

Exercise 96. Prove that πn(X × Y ) = πn(X)⊕ πn(Y ).

2.7 Bundles and exact sequences

Definition. A bundle is an arbitrary continuous map p : E → B from one topological
space onto another one. Here E,B, and p are called, respectively, the total space, the
base space, and the projection map of the bundle.
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The idea of replacing the words “map onto” with the word “bundle” is to emphasize
in what way the space E is decomposed into fibres, the pre-images of points under the
projection map p. An example of a bundle is shown in Figure 44. In this example the
total space is decomposed into fibres of four types: a point, a segment, two segments,
and a point and a segment.

E

p

B

Figure 44. Decomposition of the total space into fibres.

Bundles form a category, where the morphisms are maps between total spaces that
take fibres to fibres. Therefore two bundles p1 : E1 → B1 and p2 : E2 → B2 are
isomorphic if there exist homeomorphisms f : E1 → E2, g : B1 → B2 such that
p2f = gp1. The bundle p : B × F → F whose projection map is given by the rule
p(b, f ) = b, and any bundle isomorphic to it is called trivial.

Definition. A bundle p : E → B is called locally trivial if for any point x ∈ B there
is an open neighbourhood U � x such that the restriction pU : EU → U of p to the
pre-image EU = p−1(U) ⊂ E is a trivial bundle.

In other words, a bundle is locally trivial if locally (i.e. on the pre-image of some
neighbourhood of each point of the base) it is a direct product. Obviously, all fibres of
a locally trivial bundle with connected base are homeomorphic.

Definition. We say that a map f̃ : P → E from a polyhedron P to the total space of
a bundle p : E → B is a lift of a map f : P → B if pf̃ = f . A bundle possesses
the homotopy lifting property if for any polyhedron P , for any homotopy ft : P → B,
0 � t � 1, and for any lift of the initial map f0 there exists a consistent lift f̃t : P → E

of the whole homotopy.

Exercise 97. Prove that the trivial bundle p : B × F → B has the following rel-
ative homotopy lifting property. Suppose that we are given not only the homotopy
ft : P → B and its lift f̃0 at the initial moment but also a consistent lift g̃t : Q → E

of the restriction of the homotopy ft to some subpolyhedron Q ⊂ P . Then the lift gt
can be extended to some lift f̃t : P → E.

Decomposing the given homotopy ft : P → B into a composition of small de-
formations and using the results of Exercise 97, we can prove that any locally trivial
bundle possesses the homotopy lifting property.
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Let p : E → B be a locally trivial bundle with connected total space. Choose base
points x0 ∈ B and y0 ∈ B such that p(x0) = y0. Denote by F the fibre that contains
the point x0. Then the embedding i : F → E and the projection p : E → B induce
homomorphisms i∗ : πn(F, x0) → πn(E, x0) and p∗ : πn(E, x0) → πn(B, y0).

Theorem 38. For any n > 1 we can define homomorphisms

δ : πn(B, y0) → πn−1(F, x0)

such that the sequence

· · · −→ πn(F )
i∗−→ πn(E)

p∗−→ πn(B)
δ−→ πn−1(F ) −→ · · · −→ π1(B)

is exact (the base points are omitted for brevity).

Proof. We limit ourselves to defining homomorphisms δ, leaving it to the reader to
check that the sequence is exact. Let α be an arbitrary element of πn(B). Then any
spheroid s : In → B representing it can be viewed as a homotopy ft : In−1 → B,
which is endowed with a lift f̃0(x) ≡ x0 at the initial moment. Here by t we denote the
last coordinate of the Euclidean space Rn that contains the cube In. Since the bundle is
locally trivial, there exists a lift s̃ : In → F . Its restriction to the boundary ∂In of In is
an (n−1)-dimensional spheroid in F , which determines the desired element δ(α). �

Exercise 98. Prove that the above sequence of homotopy groups and their homomor-
phisms is exact.

Example. We know from Exercise 78 that π1(S
1) = Z. Let us prove that all the higher

homotopy groups of S1 are trivial. To do this, consider the bundle p : R1 → S1 whose
projection is given by the formula p(x) = exp(xi) (here S1 is identified with the set
of complex numbers with modulus 1). This is a locally trivial bundle with discrete
fibre. This fibre can be denoted by Z. Since πn(R1) = πn−1(Z) = 0 for all n > 1, the

portion πn(R1)
p∗−→ πn(S

1)
δ−→ πn−1(Z) of the long exact sequence of the bundle

ensures that the groups πn(S1) are trivial for all n > 1.

Recall that the group π1(S
2) is trivial and π2(S

2) = Z by Theorem 37. Extrapolat-
ing from the previous example, it would be natural to think that all the homotopy groups
of S2, starting with the third one, are trivial. However, things are more complicated.

Theorem 39. π3(S
2) = Z.

Proof. The idea of the proof is to construct a locally trivial bundle p : S3 → S2 and to
write the corresponding exact sequence. We construct such a bundle in two ways.

The first method is given as follows. Present the sphere S3 in the form S3 =
{(z1, z2) ∈ C2 : |z1|2 + |z2|2 = 1} and define a free action of the circle S1 = {w ∈
C : |w| = 1} by the rule (z1, z2) → (wz1, wz2). It is easy to check that the quotient
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space of this action is homeomorphic to the sphere S2 and that the factorization map
is a locally trivial bundle.

The second method, which is easier to visualize, is based on presenting S3 as the
union of two solid tori with common boundary such that the meridian of one of the
tori is identified with the longitude of the other torus, and vice versa. See Theorem 34.
Each of these solid tori is fibred into circles (longitudes of type (0,1)). However, these
fibrations are not consistent on the common boundary. To get consistent fibrations,
we decompose the solid tori into circles of type (1,1), which do not change under the
exchange of the meridian and the longitude. The set of all such circles inside each solid
torus is parameterized by the points of its meridianal disc. Therefore the quotient space
is the union of two discs with a common boundary, i.e., a two-dimensional sphere.

The concluding part of the proof consists in considering the portion π3(S
1) →

π3(S
3) → π3(S

2) → π2(S
1) of the exact sequence of the constructed bundle. Since

π3(S
1) = π2(S

1) = 0, we have π3(S
2) = π3(S

3) = Z (the latter equality is by
Theorem 37). �

2.8 Coverings

Definition. A bundle p : E → B with connected total space and connected base space
is called a covering if its fibre is discrete (“discrete” means that the fibre consists of
isolated points, i.e. each point is an open set).

An example of a covering is shown on page 78. Since a covering is a locally trivial
bundle, we can write for it the exact sequence of the homotopy groups. Since the fibre
is discrete, all its homotopy groups πi are trivial (except the case i = 0, when π0 is the
set naturally identifiable with the fibre itself).

Exercise 99. Prove that if p : E → B is a covering, then the induced homomor-
phisms p∗ : πi(E) → πi(B) are isomorphisms for i > 1, and the homomorphism
p∗ : π1(E) → π1(B) is injective.

Like all locally trivial bundles, coverings possess the homotopy lifting property. It
turns out that for coverings this property can be significantly strengthened: a lift of a
homotopy is unique (of course, if the lift at the initial moment is fixed).

Theorem 40. Let p : E → B be a covering, and let f̃t , f̃ ′
t : P → E be lifts of a

homotopy ft : P → B such that f̃t ≡ f̃ ′
t for t = 0. Then f̃t ≡ f̃ ′

t for all t .

Proof. If P consists of just one point a, then the uniqueness of a lift is obtained by
the usual open-closed argument. Denote by A the set of all points t ∈ I such that
f̃ (a)t = f̃ ′(a)t . This set is closed because the projection p is a continuous map.
On the other hand, it is open because any projection is a local homeomorphism, i.e. it
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becomes a homeomorphism when restricted to a suitable neighbourhood of each point.
Since A �= ∅ and the segment is connected, we get A = I .

In the case of an arbitrary polyhedron (or even an arbitrary topological space, not
necessarily polyhedron) the statement of the theorem is obtained in the obvious way:
for any point a ∈ P the paths f̃ (a)t and f̃ ′(a)t coincide because they coincide at the
initial moment. �

Let B be an arbitrary polyhedron with base point x0. To each covering p : E → B

with base point x̃0 ∈ p−1(x0) we can assign the subgroupH = p∗(π1(E, x̃0)) ofG =
π1(B, x0). As we know, this subgroup is isomorphic to the groupπ1(E, x̃0). Replacing
the base point x̃0 with another point x̃′

0 ∈ p−1(x0) yields a subgroup conjugate to H .

Definition. Two coverings p : E → B and p′ : E′ → B over the same base are called
equivalent if there is a homeomorphism h : E → E′ such that p = hp′ (this condition
means that each fibre of the former covering is mapped to the fibre of the latter covering
placed over the same point).

Exercise 100. Prove that two coverings over the same base are equivalent if and only
if the subgroups corresponding to them are conjugate.

This exercise shows that the coverings over a given base are parameterized by the
subgroups of the fundamental group of the base considered up to conjugacy. Thus, for
full classification of coverings over a given base we lack only the existence theorem.
Here it is.

Theorem 41. For each subgroup H of the fundamental group G of a connected poly-
hedron B there exists a covering p : E → B such that p∗(π1(E)) = H .

Proof. LetK be a complex that determines a triangulation of the base space. We assign
to each simplex σ ∈ K the set {σα} which consists of copies of this simplex. The copies
are parameterized by all possible paths in B that join the base point x0 ∈ B with the
barycenter of σ . Two paths α, α′ determine the same copy if and only if the loop α′α−1

determines an element of H . The union of all sets {σα} is denoted by E′.
Now we glue the simplices fromE′ into the total spaceE according to the following

rule: a simplex δβ ∈ E′ is a face of a simplex σα ∈ E′ if and only if the simplex δ ∈ K
is a face of the simplex σ ∈ K and the loop composed of the path α, a segment
inside σ that joins its barycenter with the barycenter of δ, and the path β−1 determines
an element of H .

It is easy to check that the projection p : E → B that maps each copy σα to σ is
the projection map of a desired covering. �

The conclusion is that the equivalence classes of coverings over a given base B
with fundamental group G are parameterized by the subgroups of G considered up to
conjugacy.



2.8 Coverings 81

Exercise 101. Describe all coverings over the circle.

Exercise 102. Suppose that a subgroupH ofG = π1(B, x0) corresponds to a covering
p : E → B. Prove that the degree of this covering is equal to the index of H .

Definition. A covering is called regular if the corresponding subgroup of the funda-
mental group of the base space is normal.

There is a simple criterion: a covering is regular if and only if the following property
holds: for any loop in the base space, if its lift starting at some point of the fibre is a
loop, then any of its other lifts (starting at any other point) is also a loop. Examples
of a regular covering and a non-regular covering over the figure-eight are shown in
Figure 45.

aa bb

Figure 45. A regular covering (left) and a non-regular covering over the figure-eight.

Exercise 103. Suppose that a normal subgroup H ofG = π1(B, x0) corresponds to a
regular covering p : E → B. Prove that assigning to each oriented loop in B starting
at x0 the endpoint of its lift starting at a fixed point x̃0 ∈ p−1(x0) determines a bijection
between the quotient group G/H and the fibre of the covering over the point x0.

To conclude we provide a small informal dictionary between topological and alge-
braic terms based on the theory of coverings.

Space Group

Map Homomorphism

Covering Subgroup

Equivalence of coverings Conjugacy of subgroups

Regular covering Normal subgroup

Degree of a covering Index of a subgroup

Fibre of a regular covering Quotient group
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Sometimes translating a problem from the topological language to the algebraic
one or vice versa makes finding a solution much simpler. For instance, understanding
the algebraic proof of the theorem that any subgroup of a free group is free, requires a
certain effort, while its topological reformulation (the total space of any covering over
a wedge of circles is a one-dimensional cell complex) is quite evident.

Exercise 104. Can the free group with two free generators contain a subgroup of
index 3 that is isomorphic to the free group with four free generators?



Answers, hints, solutions

Exercise 1 (Solution). Assigning to each group G the set of its elements determines
a functor from the category of groups to the category of sets. Functors of this type
are called forgetful functors. In our example we forget the group structure, i.e. the
operation in groups. Of course, any forgetful functor is covariant.

A standard example of a covariant functor is obtained by assigning to each (say,
finite dimensional) linear space L its dual space L∗, i.e. the linear space of functionals
on L. To each linear map f : L1 → L2 we assign the dual map f ∗ : L∗

2 → L∗
1. It is

defined by the rule f ∗(ξ)(x) = ξ(f (x)), where x ∈ L1 and ξ ∈ L∗
2.

Exercise 2 (Solution). The groups are certainly distinct, because one of them consists
of four elements, and the other one of five elements. What does Theorem 1 have to do
with this? Well, that is what we have actually used! The forgetful functor assigns to
the groups Z4,Z5 different sets (of different cardinalities). Therefore the groups are
also distinct.

Exercise 3 (Hint). We can use the following properties of the determinant: the deter-
minant |E| of the unit matrix is equal to 1 if |A| > 0, then |A−1| > 0, |AB| = |A||B|.
Exercise 4 (Answer). The rightmost basis.

Exercise 5 (Hint). Choose two non-equivalent bases and prove that the determinant of
the change of coordinates matrix from the third basis to one of them is positive.

Exercise 6 (Solution). The definition of the linear independence of vectors can be
stated as follows: n vectors with the same origin are linearly independent if and only
if they are not contained in the same (n − 1)-dimensional plane. Therefore the inde-
pendence of points a0, a1, . . . , an is equivalent to the linear independence of vectors
a0a1, a0a2, . . . , a0an.

Exercise 7 (Hint). Use the results of the previous exercise and the properties of the
linear independence of vectors.

Exercise 8 (Hint). Use the results of the previous exercise.

Exercise 9 (Answer). Cm+1
n+1 = (n+1)!

(m+1)!(n−m)! .

Exercise 10 (Answer). 2n+1, including the empty face.

Exercise 11 (Answer). An example of a simplicial complex could be a triangle or the
union of two triangles that intersect along one common edge. In both cases the triangle
is taken together with all its edges and vertices. Two triangles on the plane that have a
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common interior point but do not coincide do not form a simplicial complex, even if
we add all their edges and vertices.

Exercise 12 (Answer). 27, since each of the 7 non-empty faces admits two orientations.

Exercise 13 (Answer). One can take any sequence of groups and homomorphisms
which contains two consecutive isomorphisms between non-trivial groups.

Exercise 14 (Answer). The group of cycles A2 is isomorphic to Z and is generated
by the element (1,−1), the group A1 coincides with the group C1 = Z, and all the
other groups of cycles are zero. All the groups of boundaries are also zero, except the
group B1, which is generated by the element 3 of the group Z and hence isomorphic
to Z.

Exercise 15 (Answer). H1(C) = Z3, H2(C) = Z, and all the other homology groups
are trivial.

Exercise 16 (Answer). Hm(E(m)) = Z, all the other homology groups are trivial.

Exercise 17 (Answer). Hm(D(m, k)) = Zk , all the other homology groups are trivial.

Exercise 18 (Hint). All the groups corresponding to the direct sum of chain complexes
are direct sums of the relevant groups corresponding to the individual complexes.

Exercise 19 (Hint). Use the commutativity of squares.

Exercise 20 (Hint). The morphisms of the category of chain complexes are chain maps
and the morphisms of the category of sequences of Abelian groups are sequences of
homomorphisms between respective groups. Of course, to the identity map from a
chain complex to itself corresponds the identity morphism of the homology groups,
and the property (ϕψ)∗ = ϕ∗ψ∗ holds because it can easily be verified for chains,
which represent homology classes.

Exercise 21 (Hint). Let K1,K2 be two copies of the given complex K endowed with
distinct orientations. Assign to each simplex σ ∈ Cn(K1) the chain ±σ ∈ Cn(K2)

where the sign is chosen depending on whether the two orientations of σ coincide or
not. To solve the exercise it is sufficient to prove that this assignment determines an
isomorphism between complexes C(K1) and C(K2).

Exercise 22 (Answer and hint). All the homology groups of the segment I and those
of the circle S1 are trivial, except the groups H0(I ) = H0(S

1) = Z and H1(S
1) = Z.

To solve the exercise we should present both the segment and the circle as simplicial
complexes. For instance, the circle can be presented as a triangle (more precisely, its
boundary).

Exercise 23 (Answer). H2(S
2) = H2(T

2) = Z, see Theorem 9.
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Exercise 24 (Solution). Since there are no simplices of negative dimension, the group
of cycles A0(K) is a subgroup of the respective chain group. On the other hand, any
two vertices joined by an edge yield homologous cycles. Choosing one vertex in each
connected component, we get a system of free generators for H0.

Exercise 25 (Hint). The easiest would be to use the barycentric coordinates: each point
x of a simplex σ with vertices v0, . . . , vn can be written in the form x = ∑n

i=0 λivi ,
where λi � 0 and

∑n
i=0 λi = 1. The physical meaning of this expression can be

described as follows: if we put masses λi at the vertices of σ , then the point x =∑n
i=0 λivi is the mass center of the resulting system. A map defined on the vertices

can be extended to a map defined on the whole simplex as follows: f
( ∑n

i=0 λivi
) =∑n

i=0 λif (vi).

Exercise 26 (Hint). To construct the extension one could use the barycentric coordi-
nates on simplices, see the hint for Exercise 25.

Exercise 27 (Hint). A fine point consists in verifying the equality ϕ∂ = ∂ϕ for a
simplex σ of dimension n that is mapped onto a simplex δ of dimension n− 1. In this
case exactly two faces of the simplex are mapped onto δ, one preserving the orientation
and the other reversing it, see Figure 5.

Exercise 28 (Solution). The size of a decomposition is measured according to the
maximal diameter of its simplices or, equivalently, the maximal length of their edges.
The length of an edge is calculated with respect to the standard metric of the ambient
Euclidean space RN . Taking the barycentric subdivision decreases the length of each
edge exactly in half. Therefore taking the barycentric subdivision several times, we
can make the diameter of the subdivision arbitrarily small.

Exercise 29 (Solution). Consider the function s : St(v,K) → R that assigns to each
point x of each simplex σ ⊂ St(v,K) the barycentric coordinate of x at the vertex v.
This function is continuous on the closed star. It remains to notice that the open star is
determined by the strict inequality s < 1.

Exercise 30 (Solution). If vertices v1, . . . , vk span a simplex, then the interior of that
simplex is contained in the open star of each vertex. Therefore the stars have non-empty
intersection. On the other hand, if the stars do have non-empty intersection then the
simplex that contains an interior point of this intersection contains all these vertices.

Exercise 31 (Hint). Arguing by contradiction, it is easy to construct two sequences
of points xn, x′

n ∈ |K| such that for any n the points xn, x′
n are not contained in the

same element of the cover, yet ρ(xn, x′
n) � 1/n. By a compactness argument, we can

assume that both sequences converge to some point x0 ∈ |K|, which is contained in
some element of the cover, together with all sufficiently close points. This contradicts
the choice of sequences xn, x′

n ∈ |K|.
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Exercise 32 (Hint). The above proof of the absolute version of the simplicial approxi-
mation theorem can be repeated without changes. The only additional point which may
be needed is the following. If a vertex v of the complexK1 (the subdivided complexK)
lies inM , then the vertex w = g(v) should be contained in N , otherwise the inclusion
◦

St(v,K1) ⊂ Uw would be impossible.

Exercise 33 (Solution). For simplicial maps the statements are evident, and in the
general case one can apply the simplicial approximation theorem.

Exercise 34 (Hint). Apply Theorem 1.

Exercise 35 (Answer). A manifold is called Euclidean, hyperbolic, complex-analytic,
conformal, or Lipschitz if it admits an atlas where all changes of charts belong to the
respective class of homeomorphisms. In the first case this is the class of isometries of
the Euclidean space R3, in the second, that of isometries of the hyperbolic space H3,
in the third, that of complex-analytic homeomorphisms of R2k = Ck . In the remaining
two cases this is the class of conformal or Lipschitz homeomorphisms (whatever this
means).

Exercise 36 (Solution). The circle is a topological polyhedron, not the actual one. To
calculate the degree we replace the circle by an actual polyhedron (with straight sides)
in two ways: by the regular inscribed 3n-gon and by the regular inscribed triangle, see
Figure 46. The circle can be identified with each of these polygons via the projections
along the radii. Then the simplicial approximation of f , viewed as a map from the
3n-gon to the triangle, acts as follows: on vertices of the 3n-gon it acts just like f , and
the sides of the 3n-gon are linearly mapped to the sides of the triangle. It is obvious that
the pre-image of any oriented edge (of any side) of the triangle consists of exactly n
coherently oriented sides of the 3n-gon. Therefore deg f = n.

f

Figure 46. The degree of the 3-fold winding of a circle around a circle is equal to 3.

Exercise 37 (Solution). The total number of windings coincides with the degree of
the map f : S1 → S1 that is induced by the central projection of the given path to the
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outer boundary circle of the annulus. This degree is equal to the difference between
the number of the positive pre-images of a regular point and that of the negative ones.
If we choose the regular point as it is shown in Figure 47, then these numbers are equal
to 3 and 2. Therefore the degree is equal to 1.

Figure 47. The marked regular point on the outer boundary circle of the annulus has three positive
and two negative pre-images.

Exercise 38 (Answer). Two immersions f, g : S1 → S2 are regularly homotopic if
and only if their writhe numbers w(f ),w(g) have the same parity.

Exercise 39 (Answer). The homomorphism ϕ is a monomorphism, an epimorphism,
or an isomorphism, respectively.

Exercise 40 (Hint). This is a central algebraic theorem on homomorphisms: factor-
ization of a group by the kernel of a homomorphism yields the image of the homomor-
phism.

Exercises 41–43 (Hint). All three exercises can be solved by means of diagrammatic
search.

Exercise 44 (Solution). We prove that Hk(Sn) = 0 for k �= 0, n and Hk(Sn) = Z for
k = 0, n. To do this we write the exact sequences of the homology groups of the pairs
(Sn,Dn) and (Dn, Sn−1), where Dn is an n-dimensional ball embedded in the sphere
Sn and Sn−1 is the sphere of dimension (n− 1) (its boundary):

· · · −→ Hk(D
n)

(ik)∗−−−→ Hk(S
n)

(pk)∗−−−→ Hk(S
n,Dn)

δk−→ Hk−1(D
n)

(ik−1)∗−−−→ Hk−1(S
n)

−→ Hk(D
n)

(pk)∗−−−→ Hk(D
n, Sn−1)

δk−→ Hk−1(S
n−1)

(ik−1)∗−−−→ Hk−1(D
n) −→ · · ·

Since the ball Dn is homotopy equivalent to the point, we have that Hi(Dn) = 0
for i �= 0 and H0(D

n) = Z. Therefore for k > 1 the homomorphism (pk)∗ of the first
sequence and the homomorphism δk of the second sequence are isomorphisms. Now we
take into account that in both sequences the homomorphisms (i0)∗ have trivial kernels,
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except the homomorphism (i0)∗ : H0(S
0) = Z ⊕ Z → H0(D

1) = Z, whose kernel
is isomorphic to Z. Since the groups Hk(Sn,Dn) and Hk(Dn, Sn−1) are isomorphic
by Theorem 15, it follows that Hk(Sn) = Hk−1(S

n−1) = · · · = H1(S
n−k+1) =

H1(D
n−k+1, Sn−k = 0 for all k � n, and the latter group is 0 for 0 < k < n and Z

for 0 < k = n. The equalities Hk(Sn) = 0 for k > n are obtained in a similar way:
Hk(S

n) = Hk−n(S0) = 0.

Exercise 45 (Hint). Check that the sequence

0 −→ Cn(K1 ∩K2)
i−→ Cn(K1)⊕ Cn(K2)

j−→ Cn(K1 ∪K2) −→ 0

is exact.

Exercise 46 (Hint). Use the method of diagrammatic search.

Exercise 47 (Hint). This is a partial case of constructing a quotient group.

Exercise 48 (Answer). One row will be added to another one.

Exercise 49 (Answer). One column will be subtracted from another one.

Exercise 50 (Answer). All elements of one row change signs, all elements of one
column change signs, columns or rows are exchanged.

Exercise 51 (Answer). Z2 ⊕ Z8.

Exercise 52 (Solution). The elementary transformations of rows and columns do not
change the absolute value of the determinant. Hence it suffices to check the statement
for diagonal matrices only.

Exercise 53 (Answer). H0 = Z, H1 = Z2 ⊕ Z2, H2 = 0, H3 = Z. All the other
homology groups are zero. It is worth noting that the chain complex considered in this
exercise corresponds to a cell decomposition of the closed orientable three-dimensional
manifold that is obtained by taking the quotient of the sphere S3 by the linear action
of the group { ±1, ±i, ±j, ±k} of the quaternion units. Hence its homology groups
coincide with those of that manifold.

Exercise 54 (Hint). Such a complex can be easily composed from the elementary ones.

Exercise 55 (Solution). Present the Klein bottle as a cell complex with one vertex, two
loops marked by numbers 1, 2, and one two-dimensional cell, whose boundary curve
passes along the edges according to the rule {1 2 − 1 2}. The resulting relation matrix
(2, 0) consists of one row and determines the group H1 = Z ⊕ Z2.

Exercise 56 (Hint). This is a standard fact from linear algebra. The trace is one of the
coefficients of the characteristic polynomial of the relevant linear operator and hence
does not depend on the choice of the basis.
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Exercise 57 (Solution). Choose a basis in the group

Free(A1 ⊕ A2) = Free(A1)⊕ FreeA2

in such a way that elements coming first would form a basis of Free(A1), and the
remaining one would form a basis of Free(A2). Then the upper left corner of the
corresponding matrix of ϕ contains a matrix of the endomorphism ϕ1, and the lower
right corner contains a matrix of ϕ2. The diagonals of these two corner matrices form
the diagonal of the entire matrix, therefore its traces are summed up.

Exercise 58 (Solution). Evident, since for each simplex there is a corresponding 1 in
the diagonal of the matrix of the endomorphism at the relevant dimension.

Exercise 59 (Solution). See the solution of the previous exercise.

Exercise 60 (Hint). Apply Theorem 23 and Exercise 58.

Exercise 61 (Hint). In both cases the homological Lefschetz number is equal to 1,
therefore a fixed point always exists.

Exercise 62 (Answer). Z3.

Exercise 63 (Answer). H0 = H1 = H2 = H3 = Z2, all the other groups are trivial.

Exercise 64 (Answer). Z ⊕ Z2,Z2 ⊕ Z2,Z3,Q.

Exercise 65 (Answer). H0 = H1 = Z, H2 = Z2.

Exercise 66 (Solution). ∂∂(a⊗b) = ∂(∂a⊗b+(−1)dim aa⊗∂b) = (−1)dim a−1∂a⊗
∂b + (−1)dim a∂a ⊗ ∂b = 0. In the next-to-last equality we have used the fact that
∂∂a = ∂∂b = 0.

Exercise 67 (Hint). First prove the similar equality (C⊗D)∗ = C∗ ⊗D∗ for arbitrary
Abelian groups C, D.

Exercise 68 (Hint). To prove the triviality of H2(M) one could use isomorphisms
Free(H2) = Free(H 2) = Free(H1) = 0 and Tor(H2) = Tor(H 3) = Tor(H0) = 0,
which are obtained by applying Theorem 27 and the Poincaré duality.

Exercise 69 (Answer). μ� λ = ±1, depending on the choice of the orientation of the
torus.

Exercise 70 (Answer). 1 and 3.

Exercise 71 (Solution). If ft , gt : [0, 1] → X are homotopies between loops f0 and f1
and loops g0 and g1 then a homotopy between their products can be given by the
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formula

ht (s) =
{
ft (2s), 0 � s � 1/2;
gt (2s − 1), 1/2 � s � 1.

Exercise 72 (Hint). Use Figure 34.

Exercise 73 (Solution). The formula

ht (s) =
{
f ( 2

t+1s), 0 � s � t+1
2 ;

s0,
t+1

2 � s � 1

defines a homotopy between the loop f and its product by the constant loop.

Exercise 74 (Hint). Describe a homotopy ht : [0, 1] → X, which deforms the product
of a given loop and the inverse loop to the constant loop. The loop that is obtained at
each intermediate moment t of this deformation behaves as follows: for 0 � s � t we
go along the loop, then stop for awhile, and for 1 − t � s � 1 we go along this loop
in the opposite direction, i.e. go along the inverse loop.

Exercise 75 (Hint). See the solution of Exercise 71.

Exercise 76 (Hint). When checking that ϕ,ψ are homomorphic and mutually inverse,
use the fact that paths ss−1 and s−1s are homotopic to the constant path.

Exercise 77 (Hint). Since the given subset is convex, one can use the same trick as
when proving the triviality of the fundamental group of the segment.

Exercise 78 (Hint). The only difficulty consists in proving that the loop that winds 0
times is homotopic to the constant loop. One of the many possible proofs relies on the
simplicial approximation theorem. First we should present the circle as, say, a triangle
and approximate the given loop [0, 1] → S1 by a simplicial one. Then we should step
by step destroy the situations when a point of the loop passes along a side of the triangle
in one direction and then, immediately, in the opposite one. After destroying all such
situations, we automatically get the constant loop.

Exercise 79 (Answer). 16.

Exercise 80 (Hint). Reflexivity and transitivity are obvious, while symmetry follows
from the fact that all moves involved are reversible.

Exercise 81 (Hint). The first relation implies that the words ab and ba−1 are equivalent.
Therefore a2b = a ab = aba−1 = ba−1a−1 = ba−2. On the other hand, the words
a2b and ba2 are also equivalent, since each of them is transformed to b3 by one
substitution. Therefore the word ba−2 is equivalent to the word ba2, which implies
that a4 is equivalent to the empty word.
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Exercise 82 (Hint). The associativity of multiplication follows from the fact that appen-
ding words is an associative operation, the identity element is the empty word, and the
inverse element is obtained by writing the given word from left to right and reversing
the signs of all exponents.

Exercise 83 (Solution). Evident, since the operation of inserting the subwordwRiw−1

can be viewed as the consecutive insertion of subwords ww−1 and Ri .

Exercise 84 (Solution). Since x2 = zx2z zx2z = zx xz2x xz = zxzxz, we have
x3 = zxzxzx. Similarly, z2 = xzxzx and z3 = zxzxzx, which implies that x3 = z3.

On the other hand, x = zx2z = xz2x x2z = xz2x3z. Therefore z2x3z = 1 and
z3x3 = 1. The obtained equalities x3 = z3 and z3x3 = 1 yield the desired statement.

Exercise 85 (Hint). Suppose that presentations of groups G and G′ are related by one
of the moves. Then an isomorphism between these groups can be given by assigning
to each generator of G the corresponding generator of G′. The generator a that takes
part in moves II, II′, is not taken into account. Of course, one should check that such
assignment should transform the relations of one group to correct equalities in the other
group, i.e. to deducible relations of that group.

Exercise 86 (Hint). It is easy to check that the assignment x → b−1a−1, y → b−1

transforms the relations xy2x = y, yx2y = x to true equalities. Therefore this as-
signment determines a homomorphism from G to the binary tetrahedral group. For
checking that the reverse assignment a → x−1y, b → y−1 determines a homomor-
phism from the binary tetrahedral group to G, it is convenient to use Exercise 84.

Exercise 87 (Hint). Section 1.12 describes how to recognize Abelian groups. In our
case not only the groups 〈a, b | a+ 4b, 2a+ 3b〉 and 〈x, y | 4y, 3x− 2y〉 but also their
orders are distinct.

Exercise 88 (Answer). The free group with two generators.

Exercise 89 (Answer). Z2.

Exercise 90 (Answer). The Klein bottle can be presented as a rectangleABCD whose
sides are glued together according to the rule AB → BC, CD → DA. This decom-
position gives rise to the presentation 〈a, b | a2b2〉.
Exercise 91 (Answer). 〈a1, b1, a2, b2 | a1b1a

−1
1 b−1

1 , a2b2a
−1
2 b−1

2 〉.
Exercise 92 (Hint). The space (more precisely, the cell complex) X can be obtained
from a wedge of circles (marked by the group generators) by attaching two-dimensional
cells as the relations show.

Exercise 93 (Hint). The associativity of the operation is evident, the identity element
is the map taking the entire cube to the base point, and the inverse spheroid is obtained
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from the given one by taking the composition with the symmetry of the cube with
respect to a hyperplane.

Exercise 94 (Hint). Check that the compositions τα−1τα and τατα−1 coincide with the
identity map.

Exercise 95 (Hint). The Hurewicz map is well defined because homotopic maps
between spaces induce identical homomorphisms of the homology groups. It is homo-
morphic by the definition of the addition in πn(X).

Exercise 96 (Hint). Use the fact that any map f : In → X×Y is uniquely determined
by the maps p1f : In → X and p2f : In → Y , where p1, p2 are the direct sum
projections.

Exercise 97 (Hint). Since the bundle is trivial, all the lifts of the homotopy ft : P → B

are completely determined by maps of the polyhedron P × I to the base (see the hint
for the previous exercise). Therefore to prove the relative homotopy lifting property it
is sufficient to use the existence of a retraction P × I → P ∪ (Q× I ).

Exercise 98 (Hint). Use the method of diagrammatic search.

Exercise 99 (Hint). Write down the exact sequence for the covering and use the fact
that the groups πi are trivial for i � 1.

Exercise 100 (Hint). If two coverings are equivalent and the given homeomorphism
between their total spaces takes the base point to the base point, then the subgroups
corresponding to those coverings coincide. If the subgroups corresponding to two given
coverings coincide, then a homeomorphism h : E → E′ between their total spaces can
be constructed as follows. Each point x ∈ E is joined by a path s̃t : I → E to the
base point x0 ∈ E. Then we lift the projection st = pst of this path to the space E′
obtaining a path s′t starting at the point x′

0. The endpoint of this path is h(x). As was
mentioned before, the appearance of conjugate subgroups is caused by having many
different possibilities for choice of the base point.

Exercise 101 (Answer). The n-fold windings of a circle around a circle (n > 0), and an
infinite winding of a line around the circle (see the example of a covering on page 78).

Exercise 102 (Hint). The definition of H implies that the lift of a loop starting at the
point x̃0 ∈ p−1(x0) ends at the same point if and only if this loop represents an element
ofH . Therefore for any g ∈ G and h ∈ H the elements g and hg are represented by the
same point of the fibre. This yields a well-defined map ϕ : G/H = {Hg, g ∈ G} → F .
For the same reason this map is injective. The surjectivity is evident: each point x̃′ ∈ F
corresponds to the projection of the path going from x̃ ∈ F to x̃′ ∈ F .

Exercise 103 (Hint). Use the solution of the previous exercise.
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Exercise 104 (Hint). The positive answer is shown in Figure 45. The fundamental
group of the total space (“long figure-eight”) is the free group with four generators
and is contained as a subgroup of index 3 in the fundamental group of the base (the
figure-eight), which is also free and has two generators.
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